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DIFFERENTIAL CALCULUS IN HILBERT SPACES 
INTRODUCTION
The purpose o f  t h i s  work i s  to  in tro d u c e , from a  geom etric  p o in t  
o f  view , a n o tio n  o f  d i f f e r e n t i a b i l i t y  f o r  a fu n c tio n  whose domain and 
range l i e  i n  H i lb e r t  sp a c e s , and to  in v e s t ig a te  some o f  th e  consequences 
o f  t h i s  d e f in i t i o n .
C hapter I  i s  p u re ly  background m a te r ia l  and i s  in c lu d e d  i n  o rd e r  
t h a t  th e  a t t e n t i o n  o f  th e  re a d e r  may be d ir e c te d  tow ards th o se  r e s u l t s  
w hich p la y  an  im p o rta n t p a r t  i n  th e  th e o ry  developed . None o f  th e  m ate­
r i a l  c o n ta in ed  i n  t h i s  c h a p te r  i s  new. P roofs o f  th e  se v e ra l theorem s 
s ta t e d  th e re  w i l l  be found in  th e  work o f  e i th e r  von Neumann [ l ]  o r  R iesz 
and Sz.-N agy [ 2 ] .  Of s p e c ia l  im portance to  th e  l a t e r  work a re  th e  n o tio n s  
o f  a  p r o je c t io n ,  th e  C a r te s ia n  p ro d u c t o f  two H ilb e r t  sp a c e s , and th e  
graph o f  a fu n c t io n .
I n  C hapter I I  a  d e f in i t i o n  o f  d i f f e r e n t i a b i l i t y  f o r  a  fu n c tio n  
w ith  domain and range c o n ta in e d  i n  H i lb e r t  spaces i s  o f fe re d  and some 
e q u iv a le n t form s o f  th e  d e f in i t i o n  a re  found . We g ive  some exam ples o f  
fu n c tio n s  hav in g  th e  p ro p e rty  re q u ire d  f o r  d i f f e r e n t i a b i l i t y  and see  t h a t  
a l l  o f  th e  im p o rtan t l i n e a r  o p e ra to rs  a re  d i f f e r e n t i a b l e  i n  th e  i n t r o ­
duced s e n se . I n  a d d i t io n ,  a l l  o f  th e  " i n t r i n s i c  fu n c tio n s "  o f  H ilb e r t
2space a re  d i f f e r e n t i a b l e .  We th e n  show th a t  th e  “ta n g e n t” , d e fin e d  as th e  
in te r s e c t io n  o f  c e r t a in  c lo sed  l i n e a r  m an ifo ld s  a s s o c ia te d  w ith  a d i f f e r ­
e n t ia b le  fu n c tio n  a t  a p o in t ,  i s  n o n - t r i v ia l  i n  th e  p resen ce  o f  a v ery  
m ild  r e s t r i c t i o n  on th e  domain o f  th e  fu n c tio n .  We n e x t show t h a t  th e  
p ro p e rty  o f  a  fu n c tio n  o f  be in g  d i f f e r e n t i a b l e  i s  p re se rv ed  under both  
t r a n s l a t i o n  and u n i ta ry  tra n s fo rm a tio n s  o f  i t s  graph sp a c e . We c lo se  th e  
c h a p te r  by borrow ing an id e a  o f  von Neumann's: we c a lc u la te  th e  compo­
n en ts  o f  th e  p ro je c t io n  x ,y  >  o f  a v e c to r  < x ,y  >  i n  th e  C a r te s ia n
p ro d u c t X X Y on th e  graph  G(A) o f  a  c lo sed  l i n e a r  o p e ra to r  i n  term s o f  
th e  o p e ra to r  A and i t s  a d jo in t  A*.
The c a lc u la t io n  o f  i s  f i r s t  a p p lie d  i n  C hapter I I I  to  th e
im p o rtan t case  o f  a fu n c tio n a l  and le a d s  to  a theorem  hav ing  to  d ea l w ith  
th e  ap p ro x im a b ility  o f  a  fu n c t io n a l  by a bounded l i n e a r  f u n c t io n a l . Then 
fo llo w s  a  c lo se  p a r a l l e l  o f  th e  e lem en tary  fo rm ulas o f  c a lc u lu s  d e a lin g  
w ith  th e  d e r iv a t iv e  o f  a sum, d if f e r e n c e ,  p ro d u c t, and q u o tie n t  w ith  a 
c a lc u lu s  o f  f u n c t io n a ls . We th e n  show t h a t  f o r  spaces w ith  a r e a l  in n e r  
p ro d u c t th e  n o n - lin e a r  fu n c tio n a l  | | x 11 i s  d i f f e r e n t i a b l e .
The em phasis i s  n e x t s h i f te d  to  g en era l fu n c t io n s .  Using th e  
in v e s t ig a t io n  i n  th e  case o f  a fu n c tio n a l  as a g u id e , we o b ta in  a  theorem  
hav ing  to  deal w ith  th e  eq u iv a len c e  o f  th e  n o tio n  o f  d i f f e r e n t i a b i l i t y ,  
on th e  one hand, and th e  l i n e a r  a p p ro x im a b ility  o f  a fu n c t io n ,  on th e  
o th e r  hand (a  g e n e ra l iz a t io n  o f  our e a r l i e r  theorem  concerned w ith  func­
t i o n a l s ) .  This theorem  i s  th e n  used  to  show t h a t  d i f f e r e n t i a b i l i t y  i s  
p re se rv ed  under a d d i t io n  and to  o b ta in  an  analog  o f  th e  e lem en tary  th e o -
5rem r e l a t i v e  to  th e  d i f f e r e n t i a b i l i t y  o f  a "com posite fu n c t io n " .
In  C hapter IV we o b ta in  c o n d itio n s  under which our concep t o f  
d i f f e r e n t i a b i l i t y  c o in c id e s  w ith  t h a t  due to  F re c h e t, and draw a b r i e f  
com parison o f  th e  two c o n c e p ts .
DIFFERENTIAL CALCULUS IN HILBERT SPACES 
CHAPTER I
DEFINITION AND BASIC PROPERTIES OF HILBERT SPACESj NOTATION
The R e p re se n ta tio n  Theorem 
A g r e a t  deal o f  work on H i lb e r t  spaces has been done s in c e  th e  
im portance o f  th e  concep t to  i n t e g r a l  e q u a tio n  th e o ry  was f i r s t  in d ic a te d  
by D. H i lb e r t  in  1912 i n  [ $ ] .  S ince t h a t  tim e , s tead y  developm ent o f  
H ilb e r t  sp aces  and t h e i r  th e o ry  has g r e a t ly  in f lu e n c e d  o th e r  b ranches o f  
a n a ly s is  and p h y sics  ( p a r t i c u l a r l y  quantum m ech an ics); in d e ed , some o f 
th e  r e s u l t s  have found such  f re q u e n t a p p l ic a t io n  t h a t  we would be j u s t i ­
f i e d  i n  l a b e l in g  them " c l a s s i c a l ” . N e v e r th e le s s , f o r  th e  sake o f  com­
p le te n e s s  th o s e  theorem s which we need a re  s t a t e d  p r e c i s e ly .  U nless 
o th e rw ise  in d ic a te d ,  p ro o fs  o f  th e s e  theorem s can be found i n  [ 2 j • In  
t h i s  s e c t io n  we r e c a l l  th e  d e f in i t i o n  o f  H i lb e r t  sp ace , fo llo w  w ith  
some o f  th e  elem entary  consequences o f  t h i s  d e f in i t i o n ,  and c lo se  w ith  a 
r e p r e s e n ta t io n  theorem  w hich em phasizes th e  tra n sp a re n c y  o f  H ilb e r t  
sp a c e s .
A H ilb e r t  space H i s  a  l i n e a r  space over th e  complex number 
f i e l d  w ith  a  n o tio n  o f  an  in n e r  p ro d u c t which en ab les  us to  i n t e r p r e t  H
5as a com plete m e tr ic  sp ace . This i n t e r p r e t a t i o n  i s  made p o s s ib le  by de­
f in in g  th e  d is ta n c e  | | x -  y j | between th e  p a i r  o f  v e c to rs  x and y o f  H 
as fo llo w s :
I I X -  y I I = / ( x  -  y ,x  -  y ) .
(We no te  th e  u se  o f  (x ,y )  f o r  th e  in n e r  p ro d u c t o f  x and y and r e c a l l  
t h a t  a m e tr ic  (d is ta n c e  fu n c tio n )  i s  re q u ire d  to  have th e  p r o p e r t i e s :
( i )  1 i X -  y I I = I I y -  X 1 1 > 0 , ( i i )  j j x -  y  | | = 0 i s  e q u iv a le n t to
X = y , ( i i i )  | | x - y l |  + | | y - z | | > | l x - z l l ) .  In  p a r t i c u la r ,  we c a l l
th e  d is ta n c e  betw een x and 0 , w r i t te n  | | x | |, th e  norm o f  x . Thus H be­
comes a  to p o lo g ic a l  space (even  a  to p o lo g ic a l  group) and we d e f in e
lim  X = X f o r  a sequence o f  v e c to rs  x and a v e c to r  x in  H to  mean th a tn n
lim  1 I x^ -  X I I = 0 .  C o n tin u ity  o f  a fu n c tio n  f ( x )  on H w ith  range in
an o th e r such space  i s  d e fin e d  in  th e  u su a l m anner.
Some d e f in i t io n s  and sim ple p r o p e r t ie s  o f  H a re  now r e c a l le d
f o r  l a t e r  r e fe re n c e ;  f o r  convenience in  r e f e r r in g  to  th e  theorem s l a t e r ,
we number them .
We c a l l  a  p a i r  o f  v e c to rs  x ,y  o rth o g o n a l i f  (x ,y )  = 0 . We say 
t h a t  th e  v e c to r  x i s  norm alized  i f  | | x  | | =  1 . A s e t  A o f  v e c to rs  o f  H 
i s  c a l le d  o r th o g o n a l i f  every  two d i s t i n c t  e lem en ts  o f  A a re  o r th o g o n a l.
A i s  no rm alized  i f  each o f  i t s  members i s  n o rm a lize d . A i s  orthonorm al 
i f  i t  i s  bo th  o rth o g o n a l and no rm alized ; A i s  com plete i n  H i f  i t  i s  o r ­
thonorm al and i s  n o t a p ro p er su b se t o f  any o rthonorm al s e t  in  H.
I . l .  The P y thagorean  Theorem:
(x ,y )  = 0  im p lie s  | | x + y | | ^ = | | x | | ^ + | | y | | ^ .
61 .2 .  B e s s e l 's  I n e q u a l i ty ;
If* P g , . . . ,  i s  an o rth o  normal s e t  o f  v e c to rs  o f  H, th e n
n g 2
£  I (x»P .) I <  I I X II fo r  every x in  H. More g e n e ra lly ,  i f  A i s  any o r -  
1 ^
thonorm al s e t  i n  H, th e n  (x ,P )  = 0 f o r  a l l  p i n  A excep t a t  m ost a  coun-
S 
PcA
ta b le  s u b se t and Z I (x ,P ) | ^ n o t on ly  has sense  b u t converges to  a
number < | | x | | ^ .
I . 5» P a r s e v a l 's  Theorem:
I f  X , P c A, i s  com plete , th e n  Z | (x ,x  ) 1 ^ = M x | | ^ .
 ^ PeA P
1 .4 .  R ie sz -P isc h e r  Theorem:
I f  P^, Pg, . . .  i s  an orthonorm al sequence in  H, a  n e c e ssa ry  and 
s u f f i c i e n t  c o n d itio n  th a t  Z a^ P^^  ^ be convergen t i s  t h a t  2  | a^ | ^ be con­
v e rg e n t .
With th e  u su a l d e f in i t io n s  o f  Cauchy sequence, com plete sp ace , 
and s e p a ra b le  space  th e  fo llo w in g  r e s u l t s :
1 .6 .  Com pletion o f  U n ita ry  Space:
A l i n e a r  space S in  which an in n e r  p ro d u c t i s  d e fin ed  ( i . e . ,  a 
u n i ta r y  space) can be com pleted to  a  space T such th a t  S i s  dense i n  T. 
The com pletion  i s  un ique ( to  w ith in  isom orphism ) and th e  c h a ra c te r  o f  S 
w ith  re g a rd  to  s e p a r a b i l i ty  and c a r d in a l i ty  o f  a com plete orthonorm al 
s e t  i s  p re se rv e d  under th e  com pletion .
L e t I  be an a r b i t r a r y  s e t  o f  in d ic e s  p . The space o f  a l l  com­
p le x -v a lu e d  fu n c tio n s  (x ) ,  w ith  domain I ,  p c I ,  such t h a t  x„ /  0 f o r
P p
on ly  a c o u n tab le  s e t  o f  P 's  and E | x^ | ^ i s  f i n i t e ,  and in  which th e
7o p e ra tio n s  ax , x + y , and (x ,y )  a re  d efin ed  by
a(x p ) = (aXp),
(xp) + (yp) = (^p + y p ) ' 
( ( X q ) ,  ( y g  ) ) =  Z  X y  ,
 ^  ^ P c i 9 P
i s  c a l le d  a  space o f  type
I . 7» The R e p re se n ta tio n  Theorem;
Every H ilb e r t  space H i s  isom orphic w ith  a space o f  ty p e  fo r
some I .
I n  view  o f  th e  r e s u l t  1 .6 .  above, in  th e  sequel we s h a l l  con­
s id e r  o n ly  com plete sp aces , i . e . ,  H i lb e r t  sp a c e s . Except where e x p l i ­
c i t l y  s t a t e d ,  we do no t assume s e p a r a b i l i t y .  We use  th e  l e t t e r  H to  de­
n o te  a H i lb e r t  sp ace .
P ro je c t io n s
The n o tio n  o f  a p r o je c t io n  in  a  H ilb e r t  space i s  an a b s t r a c t io n  
o f  th e  f a m i l i a r  concept o f  a p ro je c t io n  as found in  E u c lid ean  geom etry; 
i t  i s  e s s e n t i a l  to  our concep t o f  d i f f e r e n t i a b i l i t y  in tro d u c e d  l a t e r .
I n  t h i s  s e c t io n  we d e fin e  a  p r o je c t io n  and s t a t e  some o f  th e  w ell-know n 
theorem s r e l a t i n g  to  p ro je c t io n s  which we s h a l l  su b seq u en tly  u s e .
We r e c a l l  t h a t  a su b se t M o f  H i s  a l i n e a r  m an ifo ld  i f  i t  i s  
c lo se d  under a d d i t io n  and m u l t ip l ic a t io n  by s c a l a r s .  I f  a l i n e a r  mani­
f o ld  i s  c lo se d  ( in  th e  to p o lo g ic a l  s e n se , as a  s u b se t o f  H), we c a l l  M a 
c lo se d  l i n e a r  m an ifo ld  ( c . l .m . ) .
1 .8 .  The Unique D ecom position Theorem:
8I f  M i s  a c . l .m .  i n  H, every  elem ent x c H has a unique decom­
p o s i t io n  X = + Xg, where x^ c M and (x^jX^) = 0 .
We c a l l  x^ th e  p ro je c t io n  o f  x on M and we w rite  P,.x = x, . Thus 1  “---------------------------  M l
a  p ro je c t io n  on a c . l .m .  M i s  a  fu n c t io n  w ith  domain D(P^) a H ilb e r t
space and range R(P^) a  c . l . m . . A l te rn a t iv e ly ,  we have th e  fo llo w in g
c r i t e r i a  f o r  a  p r o je c t io n :
1 .9* P ro je c t io n  C r i t e r i a :
A fu n c tio n  E i s  a  p r o je c t io n  i f  and o n ly  i f :
( i )  E i s  s in g le -v a lu e d ,  l i n e a r ,  w ith  D(E) = H,
( i i )  (E x ,y) = (x ,E y) f o r  a l l  x and y i n  H,
2 2 and ( i i i )  E = E, where E x means E(Ex).
I t  i s  easy  to  prove and u s e fu l  to  know th e  fo llo w in g  f a c t s ;
1 . 10. I f  E = Pj^ j, th e n  M i s  th e  s e t  o f  a l l  s o lu t io n s  o f  th e  eq u a tio n  
Ex = X. Ex = X as w ell as j | Ex 11 = | | x  1 1 i s  c h a r a c t e r i s t i c  f o r  x c M.
0 < (Ex , x ) < I I X 1 I ^ f o r  a l l  x c H.
The s e t  o f  a l l  p ro je c t io n s  i s  a su b se t o f  a c la s s  o f  o p e ra to rs  
which p la y s  an im p o rta n t r o le  i n  th e  developm ent o f  th e  th e o ry  o f  l i n e a r  
o p e ra to rs  on H i lb e r t  sp a c e . T his i s  th e  c la s s  d e fin e d  by th e  p ro p e r ty  o f  
symmetry (p ro p e r ty  ( i i )  i n  1 .9»  ab o v e). We say  t h a t  th e  l i n e a r  o p e ra to r  
A i s  bounded i f  th e re  e x i s t s  a c o n s ta n t 0 such t h a t  | | A x | | < c | | x | |  f o r  
a l l  X c D(A); th e  infimum o f  th e  s e t  o f  a l l  such O' s i s  th e  norm | | A | | o f  
A. A bounded l i n e a r  o p e ra to r  A i s  c a l le d  sym m etric i f  (Ax,y) = (x,A y) f o r  
a l l  X and y i n  D(A).
1 . 11. H e ll in g e r -T o e p li tz  Theorem:
9Every l i n e a r  symmetric o p e ra to r  defin ed  on a H ilb e r t  space i s
bounded.
I n  case th e  l i n e a r  o p e ra to r  A i s  n o t bounded, we can s t i l l  in ­
tro d u c e  th e  n o tio n  o f  a  symmetric o p e ra to r .  We proceed  as fo llo w s ; i f  A 
i s  a l i n e a r  o p e ra to r  whose domain i s  dense i n  H and i f  y i s  an elem ent o f  
H f o r  which th e re  e x i s t s  an elem ent y* o f  H such th a t  (Ax,y) = (x ,y * ) f o r  
a l l  X c D(A), i t  can  be shown th a t  y* i s  th e n  u n iq u e ly  determ ined  by y .  
T his en ab les  us to  d e f in e  an o p e ra to r  A* by w r i t in g  A*y = y * . A* i s  
c a l le d  th e  a d jo in t  o f  A. We say t h a t  a l i n e a r  o p e ra to r  A w ith  domain 
dense i n  H i s  sym m etric i f  A* i s  an  e x te n s io n  o f  A (A* i s  an e x te n s io n  o f  
A means t h a t  D(A) i s  a su b se t o f  D(A*) and A and A* co in c id e  on D(A) ) .  
When A = A* we say t h a t  A i s  s e l f - a d j o i n t . I t  i s  f o r  t h i s  c la s s  o f  ope­
r a to r s  t h a t  su ccess  was ach ieved  i n  a r r iv in g  a t  a " s p e c tr a l  decom position".
C o n s tru c tio n  o f  th e  C a r te s ia n  P roduct o f  two H ilb e r t  Spaces
The c o n s tru c t io n  o f  what i s  known as th e  C a r te s ia n  p ro d u c t o f  
two H ilb e r t  spaces w i l l  p la y  a fundam ental r o le  i n  th e  m o tiv a tio n  and de­
velopm ent o f  th e  th e o ry  to  fo llo w ; i t  i s  sugg ested  by th e  f a m i l ia r  con­
s t r u c t io n  o f  th e  E u c lid ean  p la n e . In d eed , much o f  th e  term ino logy  and 
n o ta t io n  has been l i f t e d  from e lem en tary  a n a ly t ic  geom etry and c a lc u lu s .
We f i r s t  r e c a l l  th e  c o n s tru c t io n  o f  th e  C a r te s ia n  p ro d u c t o f  
two H ilb e r t  s p a c e s . L e t X and Y be two H ilb e r t  spaces (n o t n e c e s s a r i ly  
iso m o rp h ic ) . By th e  C a r te s ia n  p ro d u c t H = X x Y i s  meant th e  s e t  o f  a l l  
e lem en ts o f  th e  form < x ,y  > w ith  x c X, y c Y and th e  fo llo w in g  d e f i­
n i t io n s  :
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( 1 ) < x^,y^ > + < XgiYg > = < x^ + Xg, + Yg > ,
( 2 ) a< x ,y  > = < ax , ay > f o r  a l l  complex numbers a ,
( 5 ) (< x^ ,y^  > ,<  Xg,Yg>) = (x^.X g) + (y^ .yg ) •
I t  i s  easy  to  show t h a t  w ith  th e se  d e f in i t io n s  X x Y i s  a H i lb e r t  sp ace . 
S ince  th e  mapping which ta k e s  x c X in to  < x ,0  > c H i s  o b v io u sly  an i s o ­
morphism, we a re  j u s t i f i e d  i n  w r i t in g  X = (.< x ,0  >] and s h a l l  do so when­
ev er co n v e n ie n t. Of co u rse , we may a lso  w r ite  Y = [< 0 ,y  > ] .
A nother sim ple consequence o f  th e  c o n s tru c t io n  o f  X x Y i s  th e  
o r th o g o n a l i ty  o f  X and Y. More p r e c i s e ly ,  i f  < x ,y  > i s  o rth o g o n a l to  X, 
th e n  (< x ^ ,0  > ,<  x ,y  >) = 0 o r  (x ^ ,x )  + (0 ,y )  = 0 f o r  a l l  x^ c X which 
im p lie s  t h a t  x = 0 and hence < x ,y  > c Y. This amounts to  say in g  t h a t  th e  
o rth o g o n a l complement o f  X, denoted by 0X, i s  con ta in ed  in  Y. On th e  
o th e r  hand, (< x ,0  > ,<  0 ,y  >) = 0 and th e re fo re  0X = Y.
We s h a l l  a lso  a v a i l  o u rs e lv e s  o f  th e  n o tio n  o f  th e  graph o f  a 
fu n c t io n .  L e t f ( x )  be a fu n c tio n  h av in g  domain D(f) < X and range R (f) 
co n ta in ed  i n  Y where X and Y a re  H i lb e r t  sp a c e s . By th e  graph G (f) o f  f  
we mean th e  s e t  o f  a l l  e lem en ts < x , f ( x )  > where x c D (f) .  Thus th e  
graph  G (f) < X x Y.
The n o tio n  o f  th e  graph o f  a  fu n c t io n  and th e  fo llo w in g  r e s u l t s  
whose p ro o fs  can be c o n s tru c te d  convent.en tly  in  term s o f  t h i s  n o tio n  a re  
due to  J .  von Neumann [ 4 ] .  P ro o fs  o f  th e  n ex t th re e  theorem s can be found 
i n  [ 2] .
1 .1 2 . I f  A i s  a l i n e a r  o p e ra to r ,  th e  e x is te n c e  o f  A A*, and (A ^)*  
im ply th e  e x is te n c e  o f  (A*) and (A*) = (A )* .
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I . l $ «  I f  th e  c lo se d  l i n e a r  o p e ra to r  A ( th i s  means t h a t  th e  graph G(A) i s  
c lo sed ) has a domain which i s  dense i n  X, th e n  th e  domain o f  A* i s  a lso  
dense i n  X and A** = (A*)* e x i s t s ;  i n  a d d i t io n  A** = A.
1 .1 4 . The Closed Graph Theorem:
I f  th e  c lo se d  l i n e a r  o p e ra to r  A i s  d e fin e d  everywhere i n  H, 
th e n  A i s  bounded.
F u n c tio n a ls
F unctions d e fin e d  on H ilb e r t  spaces b u t ta k in g  on on ly  r e a l  o r 
complex numbers as  v a lu e s  a re  e s p e c ia l ly  im p o rta n t; th ey  a re  c a l le d  
f u n c t io n a ls . Those fu n c t io n a ls  which a re  a t  th e  same tim e bounded have 
a  p a r t i c u la r ly  s im ple  s t r u c tu r e ,  as i s  in d ic a te d  i n  th e  fo llo w in g  r e s u l t :
1 . 1 5 . R e p re se n ta tio n  o f  a Bounded L in e a r  F u n c tio n a l:
I f  f ( x )  i s  a bounded l i n e a r  fu n c tio n a l  on H, th e re  e x i s t s  a
unique v e c to r  u c H such th a t  f ( x )  = (x ,u )  f o r  a l l  x c H. M oreover,
I I f  I I = I I u  I I .
We s h a l l  need l a t e r  th e  f a c t  t h a t  f o r  l i n e a r  fu n c t io n a ls  th e  no­
t io n s  o f  boundedness and c lo sedness  a re  e q u iv a le n t .  That boundedness im­
p l i e s  c lo sed n ess  i s  c l e a r  s in c e  boundedness im p lie s  c o n t in u ity  which in  
tu r n  im p lie s  c lo se d n e ss . On th e  o th e r  hand, suppose t h a t  th e  l i n e a r  
fu n c tio n a l  f ( x )  i s  n o t bounded. Then th e re  e x i s t s  a  sequence x^ c D(f) 
w ith  I I x^ 11= 1 and | f(x ^^  | in c re a s in g  w ith o u t bound. C onsider th e  
sequence y^ = x ^ /  | f (x ^ )  | . Here we have y^ 0 w hereas we may assume 
t h a t  f (y ^ )  1 s in c e  th e re  i s  a  subsequence o f  y^ f o r  which t h i s  i s  t r u e .
Thus < 0 ,1  >  i s  a  l i m i t  p o in t  o f  th e  g raph  o f  f ( x )  b u t i t  does n o t belong
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to  th e  graph s in c e  f ( x ) ,  be in g  a l i n e a r  f u n c t io n a l ,  co n ta in s  th e  p o in t 
< 0 ,0  >  . C onsequently , f ( x )  i s  n o t c lo se d . T h is  com pletes th e  p ro o f 
o f  th e  s ta te m e n t.
1 .1 6 . For l i n e a r  f u n c t io n a ls  th e  n o tio n s  o f  boundedness and c lo sed n ess  
a re  e q u iv a le n t .
CHAPTER I I  
THE NOTION OP DIFFERENTIABILITY
M o tiv a tio n  and D e f in i t io n  
We have seen  t h a t  every  c lo sed  l i n e a r  m an ifo ld  ( c . l .m .)  M con­
ta in e d  in  a H i lb e r t  space H a f fo rd s  a means o f  u n iq u e ly  decomposing an 
a r b i t r a r y  v e c to r  x in  H as fo llo w s :
X = + Xg,
where x^ c M and x^ c 0M, th e  o rth o g o n a l complement o f  M. The u n iqueness  
o f  th e  decom position  en ab les  us to  d e f in e  a  s in g le -v a lu e d  o p e ra to r  
c a l le d  th e  p r o je c t io n  o f  x on M, by
V  -  *1 -
Now a  c lo sed  l i n e a r  m an ifo ld  m ust c o n ta in  th e  a d d i t iv e  i d e n t i t y  and con­
se q u e n tly  canno t p lay  th e  r o le  o f  th e  " ta n g e n t l in e  to  th e  curve f ( x )  a t  
X = Xg" o r  th e  ta n g e n t p lane  to  th e  s u r fa c e  f ( x ,y )  a t  (x ^ jy ^ ) , f o r  th e  
ta n g e n t l i n e  o r  ta n g e n t p lane  need n o t c o n ta in  th e  o r ig in .  I t  a p p e a rs , 
th e r e f o r e ,  t h a t  we s h a l l  r e q u ire  s l i g h t l y  more g en e ra l geom etric  e n t i t i e s  
i n  o rd e r  to  subsume even th e se  sim ples s i t u a t i o n s .  The d i f f i c u l t y  i s  su­
p e r f i c i a l ,  how ever, and i s  r e a d i ly  overcom e. Thus th e  n o tio n  o f  a  "gen­
e r a l  l in e "  ( i . e . ,  n o t n o t n e c e s s a r i ly  th ro u g h  th e  o r ig in  o f  c o o rd in a te s )  
and a g e n e ra l p la n e  f in d s  i t s  analog  i n  th e  n a tu re  o f  a c lo sed  a f f in e
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subspace. We observe t h a t  M, being  a c . l .m .  in  H, and th e re fo re  a c lo sed  
subgroup o f th e  to p o lo g ic a l  group H, induces a p a r t i t i o n  o f  H in to  c o s e ts .  
The c lo sed  a f f in e  subspace
M + X* = [m + X* 1 m c M]
( i . e . ,  th e  s e t  o f  a l l  p o in ts  o f  th e  form m + x* w ith  m v a r ia b le  b u t i n  M 
and X* c H f ix e d )  i s  sim ply th a t  c o s e t  o f  M which co n ta in s  x * . Geomet­
r i c a l l y ,  we may v i s u a l iz e  th e  c lo sed  a f f in e  subspace M + x* as th e  " ta n ­
g en t l in e "  f o r  a s u i ta b le  x * . A c tu a lly , we need n o t adhere s t r i c t l y  to  
th e  geom etric  s i t u a t io n  and we w i l l ,  i n  e f f e c t ,  u se  M as th e  " ta n g e n t 
l i n e " ,  and f o r  s u i ta b le  x* th e  a f f in e  subspace M + x* would be th e  a c tu a l  
" ta n g e n t" .
Our d e f in i t i o n  o f  d i f f e r e n t i a b i l i t y  i s  m o tiv a ted  by th e  fo llo w ­
in g  sim ple g eo m e tric a l o b se rv a tio n s  f o r  a  fu n c tio n  o f  a s in g le  r e a l  v a r i ­
a b le  f ( x ) ,  to  say th a t  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ i s  e q u iv a le n t to  say­
in g  th a t  th e re  i s  a s t r a i g h t  l i n e  M (" th e  ta n g e n t l in e " )  th rough  th e  p o in t  
< XQ,f(Xg) >  w ith  th e  p ro p e r ty  th a t  f o r  any sequence x^ converg ing  to  x ^ , 
th e  sequence o f  r a t i o s  o f  th e  le n g th s  o f  th e  p ro je c t io n s  on M o f  th e  s e -  
c an t-ch o rd s  jo in in g  th e  p o in ts  P^= < x ^ ,f (x ^ )  > and Pq= < X Q ,f(x^) > to
th e  le n g th s  o f  th e  se c a n t-c h o rd s  P^P^ them selves ( i . e . ,  th e  co s in e  o f  th e
ang le  between th e  segm ents P^P^ and ) te n d s  to  1 . I t  i s  easy  to
e s ta b l i s h  t h i s  f a c t  and we th e re fo re  om it th e  p ro o f .  The co rrespond ing  
o b se rv a tio n  f o r  th e  case  o f  a fu n c tio n  o f  two r e a l  v a r ia b le s  f ( x ,y )  may 
be c a r r ie d  o u t i n  th e  obvious manner.
There i s  y e t  a n o th e r p o in t  which we m ust co n s id e r  b efo re  o f f e r -
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:Lng a d e f in i t i o n :  i t  i s  suggested  by th e  s i tu a t io n  which occu rs  when we 
a re  concerned w ith  th e  ta n g e n t l i n e  to  a curve in  th re e -d im e n sio n a l Eu­
c l id e a n  space E j .  When th e  g iv en  curve does have a ta n g e n t l in e  a t  a |
g iv en  p o in t ,  th e re  i s  on ly  one such . On th e  o th e r  hand, any p lan e  con- |
t a in in g  t h i s  l i n e  i s  a p roper c . l .m .  ( i . e . ,  n o t a l l  o f  E^) f o r  which th e  
ra t io  co n sid e re d  in  th e  p reced in g  parag rap h  ten d s  to  1 . N ote, however, 
th a t  th e  ta n g e n t l in e  i s  determ ined  by th e  in te r s e c t io n  o f  a l l  th e  p la n es  
d e sc r ib e d .
Guided by th e  h e u r i s t i c  c o n s id e ra tio n s  above, i t  i s  sug g ested  
t h a t  we ta k e  th e  fo llo w in g  su p p o rtin g  c o n d itio n s  f o r  th e  n o tio n  o f  d i f f e -  
e n t i a b i l i t y :
i
L e t f ( x )  be a  s in g le -v a lu e d  fu n c tio n  w ith  domain D (f) < X, a 
l i l b e r t  sp ace , and range R (f) < Y, a H i lb e r t  sp ace . L et G (f) be th e  graph 
o f  f ,  i . e . ,  th e  s e t  o f  a l l  v e c to rs  o f  th e  form < x , f ( x )  > c X x Y = H, 
imd suppose t h a t  < XQ,f(Xg) > c G (f) and t h a t  x^ i s  a l i m i t  p o in t  o f  D (f^ . 
fe th e n  make th e  fo llo w in g  !
I
DEFINITION I I . 1 . f ( x )  i s  d i f f e r e n t i a b l e  a t  x_ means th a t  th e re  e x i s t s  a  !
— ■ —  —0 j
0 . 1 .m. M /  H such t h a t  i f  x x , x c D (f) , th e nn u n  j
V  X o 'f(= n ) -  > » V  V  ^0 » f(= n ) ~ ^ (*0  ^ ^
I  I <  V  X o ' f ( * n )  -  >  N  •  I I  V  V  % o ' f ( % n )  “  >  I •
The i n t e r s e c t i o n  T o f  a l l  such c . l .m .* s  i s  c a l le d  th e  ta n g e n t o f  f  ^  x ^ ' 
I t  i s  c le a r  from th e  d e f in i t i o n  th a t  M need n o t be unique 
irhereas T m ust b e .
S ince  i s  a p r o je c t io n ,  (x ,P ^x) = | |  | |  and so we have
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th e  e q u iv a le n t
'DEFINITION I I . 2 . f ( x )  i s  d i f f e r e n t ia b le  a t  means t h a t  th e re  e x i s t s  a j 
î . l .m .  M /  H, such  t h a t  i f  x^-» x^, x^c D (f), th en
I V  -  f (=n)  >n ' 1 .
i n  o rd e r  to  s h o r te n  th e  n o ta t io n ,  we s h a l l  f r e q u e n t ly  w r ite  in s te a d
o f  X -  Xn and Y in s te a d  o f  f ( x  ) -  f (x _ )  and say X -* 0 im p lie s  n 0 n ' n ' O' *' n
1 •
Since
I I V V
M
we conclude t h a t  our d e f in i t i o n  o f  d i f f e r e n t i a b i l i t y  can be p u t i n  th e
i
form :
DEFINITION I I . $ . f ( x )  i s  d i f f e r e n t ia b l e  a t  x^ means t h a t  th e re  e x i s t s  a 
c . l .m .  W /  H, such t h a t  i f  X^-» 0 , x^ c D (f) ,  th e n
l | P „ u J | - l .
«There u  d en o tes  th e  u n i t  v e c to r  in  th e  d i r e c t io n  o f  < X ,Y > , i . e . ,  n n n
th e  v e c to r
Because I 1 P,,u 1 1 <  1 I u 1 1 = 1 ,  we have th e  s l i g h t  v a r ia n t  o f
t h e  a b o v e :
DEFINITION I I . 4 .  f ( x )  i s  d i f f e r e n t ia b l e  a t  3^  means t h a t  th e re  e x i s t s  a
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b .I .m . M ^  H, such t h a t  every  sequence x -» x c o n ta in s  a subsequence I n 0
j^N(n) ~ ^0 w hich | | P^u^ | | in c re a s e s  m o n o to n ica lly  to  1 .
In  th e  s e q u e l, when we speak o f  a subsequence x^ o f  th e  sequence
x^ , i t  w il l  be u n d e rs to o d  t h a t ,  by d e f in i t i o n ,  x^ =; x^^^^ = x ^ .  ;
A sso c ia ted  w ith  every  c . l .m .  M i s  i t s  o rth o g o n a l complement 0M. j
Our n o tio n  o f  d i f f e r e n t i a b i l i t y  may be fram ed i n  te rm s o f  0M in s te a d  o f  j
I
M. To do t h i s ,  we f i r s t  n o te  t h a t  = (1 -  (where 1 denotes tb
id e n t i t y  mapping) and hence | |P ^u ^  | | -» 1 im p lie s
11^ ■ I K  -  '"M"k
■IKII^-  K '% )  - + iI'’m\ I I^
- 1K11  ^- 11 %  11 ^
C onversely , i f  we have a c . l .m .  N such t h a t  j | P^u^ | | -* 0 ,  th e n  | | Fg^u^ | |  
b* 1 . T h e re fo re , we may w r i te
DEFINITION I I . 5 . f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ means t h a t  th e re  e x i s t s  a
c . l .m .  N /  H, such t h a t  i f  X -^» 0 , x^ c D (f) , th e n  | | P^u^ | | 0 , where u^
i s  th e  u n i t  v e c to r  i n  th e  d i r e c t io n  o f  < X^,Y^ >  .
I n  a d d i t io n ,  because  ) ) P^u^ j J > 0 , we have 
DEFINITION I I . 6 . f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ means t h a t  th e re  e x is t s  a 
î . l .m .  N /  H, such t h a t  ev e ry  sequence X^-» 0 , x^  c D (f) ,  c o n ta in s  a sub­
sequence X^-* 0 such t h a t  | |  P^u^ | | d ec re ase s  m o n o to n ica lly  to  0 .
I
j Our d e f in i t i o n  i s  e s s e n t i a l l y  geom etric  i n  th e  sense  t h a t  we
have re q u ire d  th e  e x is te n c e  o f  a c e r t a in  p ro p er c . l .m .  i n  th e  space o f  
th e  graph G (f) o f  f  i n  o rd e r  th a t  f  have th e  p ro p e r ty  o f  being  d i f f e r en-
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t i a b l e .  Now, i f  one d e fin e s  (as  i n  [ l ] )  a l i n e a r  o p e ra to r  to  be a func­
t i o n  whose graph  i s  a l i n e a r  m an ifo ld  and c a l l s  such an o p e ra to r  c lo sed
i
[
: .f  i t s  graph  i s  c lo se d , th e n  th e re  w i l l  be a o n e-to -o n e  correspondence |
Ijetween c lo se d  l i n e a r  m an ifo ld s i n  X x Y and c lo sed  l i n e a r  o p e ra to rs  w ith
j
domain i n  X, range in  Y. But a l l  such l i n e a r  o p e ra to rs  w il l  n o t be s in -  | 
g le -v a lu e d .  As a m a tte r  o f  f a c t ,  i t  i s  n o t d i f f i c u l t  to  prove th a t  th e  | 
i j in g le -v a lu e d  l i n e a r  o p e ra to rs  A(x) a re  th o se  w ith  th e  p ro p e rty  t h a t  A(0) 
]ias th e  u n ique  v a lu e  0 .  In  o rd e r  to  avo id  am bigu ity , however, we w il l  
u se  th e  term  l i n e a r  o p e ra to r  to  im ply s in g ]e -v a lu e d n e s s . We s h a l l  f in d  
i t  co n v en ien t l a t e r  on to  l im i t  o u rse lv e s  to  such o p e ra to rs  and fo r  th e se  
pur d e f in i t i o n  o f  d i f f e r e n t i a b i l i t y  s p e c ia l iz e s  to
DEFINITION I I . 7 . f ( x )  i s  d i f f e r e n t i a b l e  a t  Xg means t h a t  th e re  e x i s t s  a
^closed l i n e a r  o p e ra to r  A(x) ( s in g le -v a lu e d )  such th a t  every sequence
Xq c o n ta in s  a subsequence x^-» x^ such t h a t  e i th e r  | | I 1 con- !
v e rg e s  m o n o to n ica lly  in c re a s in g  to  1 o r  | |  P p /.sU  | |  converges m onotoni- :K I
c a l ly  d e c re a s in g  to  0 , where u^ i s  th e  u n i t  v e c to r  i n  th e  d i r e c t io n  o f  : 
> • !
Examples o f  D if f e r e n t ia b le  F unctions 
I t  i s  c le a r  t h a t  every  c lo sed  l i n e a r  o p e ra to r  i s  d i f f e r e n t ia b l e  
a t  every  l i m i t  p o in t  o f  i t s  domain; a ls o  every  bounded l in e a r  o p e ra to r  i s  
d i f f e r e n t i a b l e .  j
By th e  i n t r i n s i c  fu n c tio n s  o f  H i lb e r t  sp ace , we mean th o se  needed 
:.n th e  p o s tu la t io n a l  c h a ra c te r iz a t io n  o f  H i lb e r t  space , namely: a d d i t io n ,
% + y ;  s c a la r  m u l t ip l ic a t io n ,  ax ; in n e r  p ro d u c t, fx .y ) .  We new c o n s ld en .
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th e  d ifT e re n tia lD ili ty  o f  th e se  fu n c tio n s .
L et f  < x ,y  > = X + y . Then f  i s  a fu n c tio n  on X x X w ith  v a lu es  
i n  X; i t s  graph i s  a  su b se t o f  X^. I t  i s  easy  to  see  t h a t  t h i s  graph i s  
a  c . l .m .  and th e re f o r e  x + y i s  a d i f f e r e n t ia b l e  fu n c tio n  o f  < x ,y  > .
Next w r ite  f  < a ,x  > = ax . The graph o f  f  i s  th e n  a su b se t o f  
C x X X X, where C denotes th e  complex numbers. I f  we f ix  e i th e r  th e  sog-
I ;
l a r  a o r  th e  v e c to r  x , th e  r e s u l t in g  graph G (f) = [< a ,x ,a x  >] i s  e a s i ly  j 
ueen (by v i r t u e  o f  th e  c o n t in u ity  o f  f  i n  both  v a r ia b le s )  to  be a c . l .m .J
j
We th e re fo re  conclude t h a t  f  i s  a d i f f e r e n t ia b l e  fu n c tio n  o f  each o f  i t s  | 
v a r i a b le s .
A s im i la r  argum ent p roves t h a t  f  < x ,y  > = (x ,y )  i s ,  f o r  any one 
o f  x ,y  a r b i t r a r y  b u t f ix e d ,  a  d i f f e r e n t i a b l e  fu n c tio n  o f  th e  o th e r .  N ote, 
however, t h a t  as i n  th e  case  o f  th e  fu n c tio n  im m ediately  above, t h i s  i s
h o t a l i n e a r  fu n c tio n  o f  th e  p a i r  < x ,y  > . L e t us summarize th e s e  r e -
I
s u i t s  by s t a t i n g ,  somewhat in e x a c t ly ,  b u t n e v e r th e le s s  su g g e s tiv e ly : 
THEOREM I I . 1 . The i n t r i n s i c  fu n c tio n s  o f  H ilb e r t  space a re  d i f f e r e n ­
t i a b l e .
I  !
I As a n o th e r c la s s  o f  d i f f e r e n t i a b l e  o p e ra to rs ,  we m ention  th e  |
symmetric o p e ra to r s .  To see  t h i s  we ta k e ,  f o r  a g iven  sym m etric o p e ra to r
I  i
j
A (x), th e  o p e ra to r  A*(x) as th e  re q u ire d  l in e a r  o p e ra to r  ( r e c a l l  t h a t  A* 
i s ,  fo r  a l l  A, c lo s e d ) .  I n  p a r t i c u l a r ,  every  s e l f - a d j o in t  o p e ra to r  i s  !
I  I
d i f f e r e n t i a b l e .  F urtherm ore , from th e  f a c t  t h a t  every  c lo sed  l i n e a r  ope­
r a to r  A w ith  a dense domain g iv es  r i s e  to  th e  s e l f - a d j o in t  o p e ra to r  A*A,|
we conclude t h a t  i f  A i s  c lo se d , l i n e a r ,  w ith  dense domain, th e n  A*A i s  j
 1
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d i f f e r e n t i a b l e .  For exam ple, s in c e  th e  o p e ra to r  Ax(q) = i x '( q )  w ith
! 2 ' 
x (0 ) = x ( l )  = 0 , defined  in  L (0 ,1 )  f o r  a l l  a b s o lu te ly  con tinuous fu n c -
2 It i o n s  x (q )  w ith  x '( q )  c L (0 , 1 ) i s  l i n e a r ,  c lo sed , and has a dense domain
( [ 2 j : i t  i s  a ls o  sym m etric), i t  fo llo w s  t h a t  i t  i s  d i f f e r e n t i a b l e .  F u r-I
i
th e rm o re , A*Ax(q) = - x ' ' (q) i s  s e l f - a d j o i n t  and hence d i f f e r e n t i a b l e .  In  
t h i s  co n n ec tio n , we m ention  th e  i n t e r e s t i n g  f a c t  t h a t  A*y(q) = iy * (q )  i s  |
2 Idefin ed  f o r  a l l  y (q ) which a re  a b s o lu te ly  con tinuous w ith  y '( q )  c L and,
lence  i s  an  e x te n s io n  o f  Aj i f  A i s  m o d ified  to  A  ^ by r e q u ir in g  th a t  [
x ( l )  = cx(0) f o r  some c o n s ta n t c , th e n  i t  tu rn s  o u t t h a t  A* = A , i . e . ,c c
i s  s e l f - a d j o i n t  and th e re f o r e  d i f f e r e n t i a b l e .
B esides th e  o p e ra to r  j u s t  c o n s id e re d , an o th e r im p o rtan t o p e ra to r’ 
t o  quantum m echanics ( s e e [$ ] )  i s  d e f in e d  f o r  th e  s e t  o f  a l l  fu n c tio n s  x (q ) 
w ith  f i n i t e
/ | x ( q ) l ^ d q  and /  q^ | x (q ) | ^dq.
—oo _ oo
I t  i s  th e  o p e ra to r
Ax = q * x (q ) .
T h is o p e ra to r  i s  c lo se d , and th e re f o r e  d i f f e r e n t i a b l e .  Thus we see t h a t  
th e  m ain o p e ra to rs  o f  quantum m echanics a re  d i f f e r e n t i a b l e  ( a c tu a l ly ,  in  
l i e u ' o f  ou r Ax(q) = i x '( q )  d isc u sse d  above, i n  quantum m echanics we a re  
concerned  w ith  th e  r e la te d  o p e ra to r
Dx(q) = ^  x ' (q) 
d e f in e d  f o r  a l l  x (q ) w ith  f i n i t e
x (q ) l^ d q  and / [ x ' ( q )  | ^dq;
-o o
h is  o p e ra to r  D i s  s e l f - a d j o i n t ) .
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I A nother c la s s  o f  d i f f e r e n t i a b l e  fu n c tio n s  a re  th e  fu n c tio n s  o f  a
s e l f - a d j o in t  o p e ra to r ,  as d e f in e d  by von Neumann [4] and S tone [ 6] .  I t
! - ican be shown [ 2 j t h a t  f o r  ev ery  r e a l -v a lu e d  con tinuous fu n c tio n  w o f  th e  I
!  I
r e a l  v a r ia b le  q , and f o r  ev e ry  s e l f - a d j o in t  o p e ra to r  A, |
w(A) = j  w(q)dE ,
“'-oo q
i n  th e  sense  o f  convergence i n  th e  norm o f  sums o f  th e  S t i e l t j e s  ty p e , 
w ith  th e  s p e c tr a l  fam ily  a s s o c ia te d  w ith  A. We may th e r e f o r e  w r ite
(w (A )x,y) = /w (q )d (E  x ,y )
I
i n  th e  o rd in a ry  S t i e l t j e s  s e n s e . This l a s t  r e l a t i o n  may be ta k e n  as th e
d e f in i t i o n  o f  th e  fu n c tio n s  w A. Now, fo r  se p a ra b le  H i lb e r t  sp ace ,
I
th e s e  fu n c tio n s  w o f  A a re  c h a ra c te r iz e d  by th e  p ro p e r t ie s  o f  be in g
!
I 1 ) c lo sed  and l i n e a r  w ith  domain dense i n  a  s e p a ra b le  H ilb e r t
sp ace , and
2) such t h a t  ev e ry  bounded symmetric o p e ra to r  which commutes 
w ith  A a lso  commutes w ith  w(A) «
kn view o f p ro p e r ty  1 ) every  fu n c tio n  o f  th e  s e l f - a d j o i n t  l i n e a r  o p e ra to r  
A on a se p a ra b le  H i lb e r t  sp ace  i s  d i f f e r e n t i a b l e .
The Tangent T
We have c a l le d  th e  in t e r s e c t i o n  o f  a l l  c . l . m . ' s  M a s s o c ia te d  
yrith  th e  d i f f e r e n t i a b i l i t y  o f  f  (x) a t  x ^ , th e  ta n g e n t o f  f  a t  x ^ . S ince I
!  I
th e  ta n g e n t T i s  th e  i n t e r s e c t i o n  o f  c lo sed  s e t s ,  i t  to o  m ust be c lo se d , j
I  i
i t  i s  n o t em pty, f o r  c e r t a in l y  i t  c o n ta in s  th e  a d d i t iv e  i d e n t i t y .  We 
now r a i s e  th e  q u e s tio n  as to  th e  n o n - t r i v i a l i t y  o f  th e  ta n g e n t ( i . e . ,  we 
want to  know when T i s  n e i th e r  th e  whole space no r th e  c . l .m .  whose so le
22
element i s  Ô).
Suppose th a t i s  a sequence o f  graph-secants a t which con­
verges to  < 0 ,0  > ( t h is  means th a t s = < X , Y  > < 0 ,0  > where we use
]
;he n ota tion  introduced im m ediately a fte r  D e f in it io n  I I . 2 ) ,  and fu rth er- |
i
more, th a t lim  u^ e x is t s  (u^ i s  the u n it  v ecto r  in  th e  d ir e c t io n  o f  i
< > , as u s u a l) .  I f  M i s  any c . l .m .  such th a t  X -^» 0 im p lies  |
I I I^u^ I I 1 , then M must contain  lim  u^ i f  i t  e x i s t s ;  t h i s  can be proveld 
>y r e c a llin g  th a t | |  P^v | | = | j v j | i s  c h a r a c te r is t ic  fo r  v c M, and then ! 
^oting th a t co n tin u ity  and lin e a r ity  o f  and c o n tin u ity  o f  | | v j j y ie ld  i
I I ^n  ^ 11=11  ^ I " II 11= 1 = l i *  I I I I =
I I lim  u^ I I . Thus th e tangent o f  f  a t  x^ -  when i t  e x is t s  -  i s  a non­
empty c . l .m . which con ta in s a l l  elem ents o f  the form lim  u . S ince every
I
rector o f  t h is  form i s  c le a r ly  a u n it  v e c to r , th e  tangent w i l l  be a non- | 
t r iv i a l  c . l .m . whenever th ere e x is t s  a convergent sequence u^. We now 
i ig r e s s  to  prove a theorem which we sh a ll need sh o r t ly .  |
A v ecto r  i s  determined by a magnitude and a d ir e c t io n . We ask: 
s th e r e , in  H ilb ert space, an analog fo r  t h is  statem ent? More p r e c ise ly ,  
suppose th a t i t  i s  known th a t  the sequence o f  norms | | x ^  | | converges, anc( 
th a t th e  sequence o f  v ec to r s  x^ converges weakly to  x: (x^^y) -» (x ,y )  foij 
a l l  y ( th is  l a s t  con d itio n  i s  our p rec ise  rendering o f  a " d irectio n " ).
Does i t  fo llo w  th a t x converges (s tro n g ly )?  Indeed i t  does, and to  the  
v ecto r  X, fo r  i f  we take in  th e statem ent o f  the weak convergence y = x .
we have (x ,x )  ( x ,x ) ,  from which we o b ta inn
(x ,x  ) = (x ,x )  (x ,x )  = ( x ,x ) .n n
2$ 
ience
lim 1 I x^- X I I  ^= l im [ -(x^^x) -  (x ,x^)  + (x^,x^) + (x ,x )  ] ,
= lim [ | | x ^  I I 2 -  2R(x^,x) + | | x | |  ^ j ,
= lim [ I I x^ 11  ^-  I I X 1 I  ^ ] .
But sin ce  fo r  any complete orthonormal sequence we have (x^»P^)
(x,p^) fo r  a i l  i ,  i t  fo llo w s th a t
' l l x  11^  = Z | ( x  , p ) 1 ^  - E l  ( x , P  ) 1 ^  = l l x  | | 2 .
i   ^ j 3
Fhus
This proves
lim  1 I X -  X 1 1 ^ = 0 . n
THEOREM I I . 2 . I f  th e  sequence o f  norms | | x ^  | |  converges and i f  x^ con­
v e rg es  weakly to  x , th e n  x^ converges ( s tro n g ly )  to  x .
One o f  our e q u iv a le n t forms o f  th e  d e f in i t io n  o f  d i f f e r e n t i a -  }
I
b i l i t y  (D e f in it io n  I I . 4) i s  to  th e  e f f e c t  t h a t  from every  sequence x^-* x^ 
one can e x t r a c t  a subsequence x^ such t h a t  th e  sequence o f  norms | | P^u^ | 
converges : lim  | | I^ u ^  | | =  1 . Applying th e  above theorem , we o b ta in  
THEOREM I I .5 «  I f  f ( x )  i s  d i f f e r e n t ia b l e  a t  x^ and i f  u^  and M a re  a  cor-|
i
responding  sequence o f  u n i t  g ra p h -se c a n ts  and a c . l .m . ,  r e s p e c t iv e ly ,  I 
such th a t  11 P^u^ j | converges m ono to n ica lly  in c re a s in g  to  1 , and i f  u^ ! 
converges w eakly, th e n  u^  converges s tro n g ly  (s in c e  lim  | | u ^  | |  = 1) and | 
tience th e  ta n g e n t to  f  a t  x^ i s  n o n - t r i v i a l .  i
I f  we r e s t r i c t  o u rse lv e s  to  fu n c tio n s  whose domains c o n ta in  
cne-d im ensional l i n e a r  m a n ifo ld s , th e n  we may om it th e  h y p o th e s is  as to  | 
weak convergence o f  u ^ . More p r e c i s e ly ,  we s e le c t  an  a r b i t r a r y  bu t f ix e d
24
y e c to r  h /  0 , and l e t  denote  a sequence o f  r e a l  numbers w ith  l i m i t  0 ,
I
and we assume t h a t  f ( x )  i s  d e f in e d  a t  x_ + t  h .  Then' O n
< t ^ h ,  f(XQ+ t^ h )  -  f(XQ) >
u =
I I < t ^ h ,  f(Xg+ t^ h )  -f(X g) >  1 1 
[ t  can be shown [ 9] t h a t  e x i s t e n c e  o f  th e  d e r iv a t iv e  o f  f ( x )  ( i . e . ,  d i f ­
f e r e n t i a b i l i t y  o f  f ( x )  ) im p l ie s  e x i s te n c e  o f  th e  d i r e c t i o n a l  d e r iv a t iv e :
lim  ------------------------------
t  -» 0  tn n
ind so i t  i s  c l e a r  t h a t  whenever th e  domain o f  f ( x )  c o n ta in s  a sequence 
o f  p o in t s  o f  th e  form x^+ t ^ h ,  th e n  th e  ta n g e n t  i s  n o n - t i* iv ia l . I n  o rd e r  
t o  pave th e  way f o r  s t a t i n g  our r e s u l t  i n  simple form, we c a l l  a  sequence 
o f  p o in t s  o f  th e  form x^+ t ^ h  a sequence o f  c o l l i n e a r  p o i n t s . Then we 
nave
THEOREM I I . 4» Every f u n c t io n  f ( x )  de f in ed  on a sequence o f  c o l l i n e a r  
p o in ts  Xq+ t ^ h  which converges to  x^ and d i f f e r e n t i a b l e  t h e r e  has  a non­
t r i v i a l  t a n g e n t .
The c o n d i t io n  t h a t  th e  fu n c t io n  be def ined  on a sequence o f  j
I
c o l l i n e a r  p o in t s  i s  n o t  a  n e c e s s a ry  c o n d i t io n  f o r  th e  n o n - t r i v i a l i t y  o f  |
the  t a n g e n t  as th e  simple example o f  th e  tw is te d  cubic ( i . e . ,  t h e  curve |
2 5 'in  E uc lidean  $ -space  d e f in e d  by th e  fu n c t io n  f<  t , t  > = t ^  ) shows.
In v a r ia n c e  o f  D i f f e r e n t i a b i l i t y  under Tr a n s l a t i o n  |
and U n ita ry  T ransform ations  i
We now r a i s e  th e  q u e s t io n :  I f  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ and
25
a  t r a n s l a t i o n  T o f  th e  graph G(f) o f  f  i s  c a r r i e d  o u t ,  i s  th e  fu n c t io n
i
whose graph i s  th e  s e t  o f  a l l  p o in ts  T < x , f ( x )  > = < x + a , f ( x )  + b > I
(where a ,b  a re  f ix e d  v e c to r s  i n  X,Y, r e s p e c t iv e ly )  d i f f e r e n t i a b l e  a t  j
I
*0+ I
L et us f i r s t  de term ine how th e  fu n c t io n  whose graph i s  j
T < x , f ( x )  > = < X + a , f ( x )  + b > i s  d e f in e d .  We denote  t h i s  fu n c t io n  bjr
P(w). Now s in c e  T < x , f ( x )  > = < x + a , f ( x )  + b > i s  i n  th e  graph G (F ) , |
i t  fo l lo w s  t h a t  F(x+a) = f ( x )  + b or F(w) = f(w -  a )  + b . C onsequen tly , |
the  domain o f  F i s  D(F) = D(f) + a and th e  range o f  F i s  R(F) = R(f) + b
I n  p a r t i c u l a r ,  s in c e  x^+ a ,  w ith  x^ c D ( f ) ,  i s  an elem ent o f  D(F), i t
jnakes sense  to  i n q u i r e  abou t th e  d i f f e r e n t i a b i l i t y  o f  F a t  x^+ a .  As a
n a t t e r  o f  f a c t ,  l e t  x ' -* x^+ a :  thenn 0
I I y  ^  I I I I V  >  I I
I I < F(x^^-F(xQ+a) > | | | | < f ( x ^ - a ) - f ( x ^ )  > | |
which has l i m i t  1 by v i r t u e  o f  th e  d i f f e r e n t i a b i l i t y  o f  f ( x )  a t  x . This
I
proves
I'HEOREM I I . 5" I f  f ( x )  i s  d i f f e r e n t i a b l e  a t  x = x and i f  < a ,b  > i s  a
i  U
f ix e d  v e c t o r ,  th e n  th e  fu n c t io n  F(x) = f ( x - a )  + b w ith  D(F) = D(f) + a 
and range R(F) = R (f)  + b ,  i f  d i f f e r e n t i a b l e  a t  x = x^+ a .  I n  s h o r t ;  
D i f f e r e n t i a b i l i t y  i s  p re se rv e d  under t r a n s l a t i o n .
As a s p e c ia l  c a se ,  we ta k e  a = -x ^ ,  b = - f (X g ) ,  and g e t  th e
I
C o r o l l a r y : I f  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ , th e n  F(x) = f(x+XQ)-f(x^) i s
!
d i f f e r e n t i a b l e  a t  x = 0 .  (We no te  a lso  t h a t  F(0) = 0 ) .
For any two v e c to r s  u and v o f  th e  H i lb e r t  space H th e r e  i s  a
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to p o lo g ic a l  napp ing  t  o f  H onto i t s e l f  which c a r r i e s  u in to  v , namely 
t ( x )  = V -  X + u .  This means t h a t  as f a r  as  to p o lo g ic a l  p r o p e r t i e s  o f  H 
are concerned, any two v e c to r s  a re  e q u iv a le n t .  Thus, f o r  example, to  
prove t h a t  a  H i l b e r t  space i s  n o t  l o c a l l y  compact a t  any p o in t ,  i t  i s  
s u f f i c i e n t  to  show t h a t  th e  i d e n t i t y  0  has no compact neighborhoods.
This remark, to g e th e r  w ith  th e  theorem above and i t s  c o r o l l a r y ,  a llow  us 
to conclude t h a t  i n  s tu d y in g  th e  to p o lo g ic a l  p r o p e r t i e s  o f  d i f f e r e n t i a ­
b i l i t y  o f  a f u n c t io n  a t  a p o in t ,  we may r e p la c e  th e  f u n c t io n  by one which 
i s  d i f f e r e n t i a b l e  a t  th e  o r i g i n  and s tudy  i t s  to p o lo g ic a l  p r o p e r t i e s .  I n  
p a r t i c u l a r ,  i n  s tu d y in g  c o n t in u i ty  p r o p e r t i e s  o f  a d i f f e r e n t i a b l e  fu n c t io n ,  
we may work w ith  a f u n c t io n  d i f f e r e n t i a b l e  a t  th e  o r i g i n .
We now t u r n  to  th e  q u e s t io n  o f  th e  behav io r  o f  a d i f f e r e n t i a b l e  
f u n c t io n  under a u n i t a r y  t r a n s fo rm a t io n  o f  th e  space o f  i t s  g raph . More 
p r e c i s e ly ,  th e  q u e s t io n  a t  hand i s  th e  fo l lo w in g ;  I f  f ( x )  i s  d i f f e r e n ­
t i a b l e  a t  Xq and th e  u n i t a r y  t r a n s fo rm a t io n  U on X x Y i s  c a r r i e d  ou t (a  j 
u n i t a r y  t r a n s fo rm a t io n  i s  a  t r a n s fo rm a t io n  o f  H onto i t s e l f  which p re ­
se rves  a d d i t io n ,  s c a l a r  m u l t i p l i c a t i o n ,  and in n e r  p r o d u c ts ) ,  i s  th e  func­
t i o n  whose graph i s  th e  s e t  o f  a l l  p o in t s  U < x , f ( x )  > d i f f e r e n t i a b l e  a t
tJ < XQ,f(xQ) > Î
By h y p o th e s is  th e n ,  th e r e  e x i s t s  a  c . l . m .  M such t h a t  i f  0 ,
then
l l < W l l " '
[,et < .  P„< .  Pg„< X^,Y^> . T h . .  U < X^.X„> -  UP„< X^.Y_^>
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l i n e a r i t y  o f  U. (P^v,P^^v) = 0 im p lie s  (UP,,< X^,Y_> ,M n n
= 0 , so t h a t  P^^U < X^,Y^> = UP^< X^,Y^> c U(M) (we observé 
t h a t  we a re  j u s t i f i e d  i n  speak ing  o f  P^^ s in ce  M i s  a c . l .m .  and U p re ­
se rves  l i n e a r i t y  and c lo s e d n e s s ) .  T here fo re ,
1 1 V  V 1 1
11“ ^ W l l U < X ,Y >  n n
s in c e  U i s  no rm -p rese rv in g .  This proves
iTHEOREM I I . 6 . I f  f ( x )  i s  d i f f e r e n t i a b l e  a t  and U i s  a u n i t a r y  t r a n s ­
fo rm ation  o f  X X Y, th e n  th e  fu n c t io n  whose graph i s  th e  s e t  o f  a l l  vec­
to r s  U < x , f ( x )  > i s  d i f f e r e n t i a b l e  a t  U < x^ff^x^) > . I n  s h o r t ;  
D i f f e r e n t i a b i l i t y  i s  p re se rv ed  under a u n i t a r y  t r a n s fo rm a t io n .
R e p re s e n ta t io n  o f  th e  P ro je c t io n
I n  t h i s  s e c t i o n  we o b ta in  a form ula f o r  computing th e  p ro je c t io n  
Pg(^)< x ,y  > o f  < x ,y  > on th e  graph G(A) o f  a l i n e a r  o p e ra to r  Aj l a t e r  j 
(Chapter I I I )  we s h a l l  app ly  t h i s  to  fu n c t io n a ls  and th e n  use  th e  r e s u l t s  
f o r  f u n c t io n a ls  i n  i n v e s t i g a t i n g  d i f f e r e n t i a b l e  f u n c t i o n s .
Let A(x) be a c lo se d  l i n e a r  o p e ra to r  w ith  domain D(A) dense i n  
X, range R(A) con ta ined  i n  Y, and hence graph G(A) < X x  Y. I f  we def ine  
U < x ,y  > = < - y ,x  > , th e n  because th e  a d jo in t  A*(y) has th e  c h a ra c te r ­
i z i n g  p ro p e r ty
(Ax,y) = (x,A*y) f o r  a l l  x , 
o r  ( < x,Ax >,U<y,A-y> ) = 0,
we see  t h a t  G(a ) and UG(A*) a re  complementary o rthogonal subspaces .  We
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t h e r e f o r e  have th e  unique decom positions;
I
( l )  <x ,0>  = < x ' ,A x '>  + < -A * y ' ,y ‘> ; <0,y> = Oc",Ax"> + <-A *y '',y”> ,
v a l i d  f o r  a r b i t r a r y  x c X, y c Y. These imply unique s o lu t io n s  o f  th e  
co rrespond ing  systems o f  e q u a t io n s ;
X = x ’-  A*y' 0 = x ”-  A*y”
0 = A x'+ y '  y = Ax"+ y " .
I f  we d e f in e
p^^x = x ‘ = x"
P g i X  =  y '  P g g y  -  y " ,
: . t  i s  c l e a r  t h a t  a l l  th e  P^^ a re  l i n e a r  o p e r a to r s ,  and th e  system o f  
^qua tions  above can be w r i t t e n :
1 -  P u -  **^21 , 0 -  P i2 -  ^*^22
0 .  Pg, 1 .  AP1 2 + ,
where 1 and 0  denote th e  i d e n t i t y  and zero  t r a n s f o r m a t io n s , r e s p e c t i v e ly .  
; ie tu rn ing  to  our decom position  ( l )  above, we have , because o f  orthogon­
a l i t y  o f  th e  te rm s i n  th e  r i g h t  members:
I I X I I ^ = I I < x ,0  > 11 ^ = 11 x ' I I I I Ax' I I II A*y' | |  | | y '  | j ^
= I I P^^x I I 2+ I IAP^^x I I 2+ I I A*Pg^x II 2+ I I Pg^x ' '  2
And
.11l l y  11^ = I I < 0 ,y  > II 2 = I I x" I I I I Ax" 11^+11 A*y" 11 | | y
= 11 P^gy 11^+11 APigy 11 11 A^Pggy II II Pggy 11 !
from which we conclude t h a t  a l l  o f  P^^, AP^^, Ag^, A*P^^, P^^, AP^g,
A*Pg2 Gire bounded by u n i t y .
I f  we add th e  decom positions ( l )  and ta k e  in t o  account th e  l i n -  
a r i t y  o f  A and A*, we g e t  f o r  a r b i t r a r y  < x ,y  > c X x Y:
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< x , y  > = < x '+  x " ,A(x ' +  x ") > + < -A*(y '+  y " ) , y ' +  y" > } 
: i t  fo l lo w s  t h a t
and
feG(A)< *>y > -  < -*•(^21=' + ^22^) ' P21* * ^22^ "  '
fe c o l l e c t  th e s e  r e s u l t s  i n  aI
THEOREM I I . 7 .  I f  we d e f in e
= (1 + A*A)~\ = -AP^^, Pg2= (1 + A A » )" \  P^2 = A*P22'
th e n  th e  fo l lo w in g  r e l a t i o n s  h o ld :
' ’g(A)^ A .y > -  <  P i i*  * ^12^' "  ^12^) '
‘“eG(A)'= > "  < -**(P21* + ^ '22^)' ■’21* + ^22^ '
where A(x) i s  a c lo sed  l i n e a r  o p e r a to r  w ith  domain dense i n  X and range
con ta ined  i n  Y. Furtherm ore , | |  P^^ | | <  1 f o r  i , j  = 1 ,2 .
CHAPTER I I I
SOME PROPERTIES OF DIFFERENTIABLE FUNCTIONS
Throughout t h i s  c h a p te r ,  d i f f e r e n t i a b i l i t y  s h a l l  be unders tood  
i n  th e  sense  o f  D e f in i t io n  I I . 7» That i s ,  when we say t h a t  a  f u n c t io n  
i s  d i f f e r e n t i a b l e  a t  we s h a l l  mean t h a t  t h e r e  e x i s t s  a c lo sed  l i n e a r  
o p e ra to r  A(x) ( s in g le -v a lu e d )  such t h a t  every  sequence x^-* x^ co n ta in s  
a  subsequence x^-» x^ such t h a t  | | I  I  monotonie in c re a s in g  w ith
l i m i t  1, where u^ i s  th e  u n i t  v e c to r  i n  th e  d i r e c t i o n  o f  < The
c h a p te r  i s  d iv id e d  in t o  two p a r ts*  i n  p a r t  one we co n s id e r  th e  n o t io n  o f  
d i f f e r e n t i a b i l i t y  as  a p p l ie d  to  f u n c t i o n a l s ,  and i n  p a r t  two we s tudy  
some p r o p e r t i e s  o f  fu n c t io n s  w ith  domain and range  bo th  i n  a r b i t r a r y  
H i l b e r t  sp a c e s .
P a r t  One: F u n c t io n a ls
A p p l ic a t io n  o f  th e  N otion  o f  D i f f e r e n t i a b i l i t y  to  a F unc tiona l 
L e t  A be a  bounded l i n e a r  f u n c t io n a l  :
Ax = y ,  X c H, y a  complex number.
According to  th e  theorem on th e  r e p r e s e n t a t i o n  o f  a bounded l i n e a r  func­
t i o n a l  ( 1 .1 4 ) ,  t h e r e  e x i s t s  a unique v e c to r  u c H such t h a t
Ax = (x ,u )  f o r  a l l  x c H.
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We now determ ine  A*. S ince i t s  d e f in in g  p ro p e r ty  i s  (Ax,z) = (x ,A *z), i t  
i s  e v id e n t  t h a t  A* must o p e ra te  on complex numbers and produce a b s t r a c t  
v e c to r s  :
A*z = V .
Then s in c e  th e  in n e r  p ro d u c t  o f  two complex numbers (z,w) = zw, we e a s i l y  
c a l c u l a t e
A*z = zu .
We n e x t  compute = (A*A+1) ^ o p e r a t e s  on v e c to r s  and produces
v e c t o r s ,  say
(A*A+l)“ ^x = y ,
X = ( y ,u ) u  + y .
I n  o rd e r  to  s o lv e  t h i s  eq u a t io n  f o r  y ,  we form th e  i n n e r  p roduc t  o f  both  
members w i th  u  and f i n d  t h a t
( y . u )  -  . , 2 .
T h ere fo re ,
Consequently
1 + u
Next we f in d  t h a t
E v id e n tly  i f  we d e f in e  m = 1 + | | u  | | ^ and A = (x ,u )  -  z ,  we may w r i te  
i n  accordance w ith  Theorem I I .7 :
•G(A)
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< x , z  > = — < mx-uÀ, A-mz >,
and
^eo(A)'= > = S  < > '
An easy c a l c u l a t i o n  shows t h a t  th e  in n e r  p roduc t  o f  x , z  > and
P q q ^ ( A ) <  x , z  >  v a n ish e s ,  th e reb y  j u s t i f y i n g  th e  n o ta t i o n .  I t  i s  easy to  
see  t h a t
=  1 - M 2  •1 I < x , z  > I I m( I I X I I + 1 z I )
À n ece ssa ry  and s u f f i c i e n t  c o n d i t io n  t h a t  t h i s  r a t i o  ten d  to  1 i s  t h a t
AÂ 0 .
This shows t h a t  a fu n c t io n a l  f ( x )  = z i s  d i f f e r e n t i a b l e  a t  x = x^ i f  and 
on ly  i f  t h e r e  e x i s t s  a  bounded l i n e a r  f u n c t io n a l  A(x) s  ( x ,u )  such t h a t
0  im p lie s
0 ,
l l x j r  * U J '
where we have p u t  = f (x ^ )  -  f (X g ) . I f  we d iv id e  num erator and denom­
i n a t o r  by I I X^ 11 , we o b ta in
( X „ . u ) n
n n 0.
1 + n
n
By th e  Schwarz i n e q u a l i t y ,  | (X^yu) | < 11 u | | '  | | X^ | | . Now co n s id e r  th e
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sequence | j /  | | j j .  I t  i s  bounded; f o r  o the rw ise  t h e r e  would be a 
subsequence o f  t h i s  sequence such t h a t  th e  r a t i o  above would te n d  to  1 
i n s t e a d  o f  0 .  Consequently ,
I ( X ^ . u )  -  Z j  
 » 0.
I l x j l
With t h i s ,  we have proved a g e n e r a l i z a t io n  o f  an e lem entary  theorem hav- 
to  dea l w ith  th e  c h a r a c t e r i z a t i o n  o f  th e  ta n g e n t  p lane  to  a s u r f a c e .  We 
s t a t e  t h i s  r e s u l t  as
THEOREM I I I . l .  A f u n c t io n a l  f ( x )  = z i s  d i f f e r e n t i a b l e  a t  x = i f  and 
on ly  i f  th e r e  e x i s t s  a bounded l i n e a r  fu n c t io n a l  L(x) = (x ,u )  such t h a t  
th e  d i f f e r e n c e  [L (x ) -  L(Xg)] -  [ f ( x )  -  f(X g)] f o r  x -* x^ i s  a q u a n t i ty  
o f  h ig h e r  o rd e r  th a n  th e  d i s ta n c e  | | x  -  x^ | |b e tw e e n  x and x^ .
The C alcu lus  o f  F u n c tio n a ls
We have j u s t  seen  t h a t  a f u n c t io n a l  f ( x )  = z i s  d i f f e r e n t i a b l e
a t  X = Xq i f  and only  i f  t h e r e  e x i s t s  a  bounded l i n e a r  f u n c t io n a l
A(x ) = (x ,u )  such t h a t  X^-* 0 im p l ie s
I ( X „ , u )  -  Z j
  _ 0 ,
l l x j l
where X^ = x^ -  x^ , = f(x ^^  -  f (X g ) .  The r o l e  o f  u su g g es ts  t h a t  i t
be c a l l e d  th e  d e r iv a t iv e  o f  f ( x )  a t  ^  and t h a t  we w r i te  f  (x^) = u .  Now 
c o n s id e r  th e  bounded l i n e a r  f u n c t io n a l
(A^ + Ag)x = A^x + AgX,
= (x ,u ^ )  + (x,Ug),  
= (x ,  + Ug)'
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We c a l c u la te
I  ( X ^ .  *  u ^ )  -  2 % , )  I  '  I -  ^ 2 »  I
-  I -  Z i n  I +  I  ( % n ' * 2 )  ■  ^ 2 n  I ’
and each o f  th e s e  term s d iv id ed  hy | | | | tends  to  0 w ith  X^. This proves
THEOREM I I I . 2 .  I f  th e  fu n c t io n a l s  f ^ (x )  and fg (x )  a re  d i f f e r e n t i a b l e  a t  
X  =  X q ,  th e n  so i s  t h e i r  sum (f^  + f^)x  = f^ (x )  +  f g ( x ) .  Furtherm ore , i f  
f j (X o )  = ^"4 f^ fx ^ )  = Ug, th e n  (f^+  fg j ' f X g )  = f j(X g) + f^ fx ^ )  = u^+u^.
As an immediate consequence, we have th e
C o r o l l a r y ; I f  th e  fu n c t io n a l s  f^ (x )  and fg (x )  a re  d i f f e r e n t i a b l e  a t  x^ , 
th e n  so i s  t h e i r  d i f f e r e n c e  and th e  o p e ra t io n s  o f  d i f f e r e n t i a t i o n  and 
s u b t r a c t i o n  may be in te rc h a n g e d ;
( f ^ -  fg ï 'C X o/ = - f^(Xo) = -  Ug.
We now co n s id e r  th e  fu n c t io n a l  P(x) = f ^ ( x ) ' f 2 (x ) ,  and ask  i f  
d i f f e r e n t i a b i l i t y  o f  th e  f a c t o r s  im p l ie s  d i f f e r e n t i a b i l i t y  o f  th e  pro­
d u c t .  As su g g es ted  by th e  c l a s s i c a l  theorem  o f  which t h i s  may se rv e  as 
a  g e n e r a l i z a t io n ,  we co n s id e r
^1 ( ^ " 2  ^2 ^*0 ^'^l
a s  a  can d id a te  f o r  th e  r o l e  o f  u i n  Theorem I I I . l  ( th e  e x p re s s io n  above 
i s  cons ide red  i n s t e a d  o f  f^fx^jU g + because o f  th e  p ro p e r ty  o f
th e  in n e r  p ro d u c t ;  (x ,a y )  = a ( x , y ) j  i t  i s  unders tood  t h a t  th e  u^ h e re  
have th e  same meaning as i n  th e  above theorem ). Then d i f f e r e n t i a b i l i t y  
o f  P(x) i s  i n t im a te ly  connected w ith  th e  b eh av io r ,  as x^-* x ^ ,  o f
I < V  ' o '  I "
' o '  "  ‘’l < ' 0 >^2 < '0 > + q < 'o ) * '2 <'n> *
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f 2 < ’ ' o > ' ' i < * o >  -  hK'>^zK'>  I s
I f i ( * ( , )  I •  I ( * „ -  ' o ' " : )  -  * ^ 2 < * o >  I *  I ^ 2 ( ' o )  I ■ I ( * „ -  * o > ' ‘ i >  -
f j ( x ^ )  + f j (X g )  I + I f j (X p )  I • I fg (x ^ )  -  fg(Xg) I + I I •
, I f 2 ( » o >  -  ^2^'’ I •
I
Now, by v i r t u e  o f  th e  d i f f e r e n t i a b i l i t y  o f  f^ (x )  and fg (x )  a t  x^ , th e
I f i r s t  two te rm s d iv id e d  by l l x  -  x_ II te n d  to  0 as  x -♦ x_ . Furtherm ore , j ' n 0 n 0
i f  we assume t h a t  one o f  th e  I f . ( x  ) -  f  ( x . )  j i s  o( | |  x -  x„ | |  ) (by i i  n  i  O ' ' ' n O
which we mean t h a t  th e  r a t i o  j f , (x ) -  f . ( x . )  | /  | | x  -  x_ | |  -* 0 w ithi  n i '  0 n O '
jX^- Xq -* 0) and th e  o th e r  i s  bounded ( i . e . ,  th e  o th e r  f \ ( x )  i s  bounded),
th e n  th e  l a s t  two te rm s d iv id ed  by | | x  -  x_ | I a l s o  te n d  to  0 as x x ^ .  I
j  ' n  O '"  n 0 :
The e x p la n a t io n  o f  th e  p e r m i s s i b i l i t y  o f  f l e x i b i l i t y  i n  th e  assum ptions I 
l i e s  i n  th e  f a c t  t h a t  th e  l a s t  two term s i n  th e  in e q u a l i t y  could have 
peen w r i t t e n :  j fgCx^) | • | f ^ ( x J  -  f^Ccg) | + | fg (x ^ )  j • | f^Cxg) -  f i ( x ^ ^ | |  . 
;This proves
I '
THEOREM I I I . 5 . I f  th e  f u n c t io n a l s  f ^ (x )  and f ^ (x )  a re  d i f f e r e n t i a b l e  a t  I
Xq, i f  f j(X g) = u^ and f^(xQ) = u^ , and i f  one o f  j f \ ( x ^ )  -  f \(X g )  | i s  ;
b ( I I X -  X I I ) w h ile  t h e  o th e r  f . ( x )  i s  bounded, th e n  P(x) = f \ ( x ) * f _ ( x )i n U 1 1 c  I
lis d i f f e r e n t i a b l e  a t  x^ w ith  P '(Xg) = f^ (x g )  u^ + f^Cx^) u^ .
i
I We now t u r n  to  t h e  ana log  o f  th e  c l a s s i c a l  theorem concerned
w ith  d i f f e r e n t i a b i l i t y  o f  a q u o t i e n t .  Some a id  i s  a f fo rd e d  by th e  
fo llow ing
Lemma. I f  j f ( x^) -  f ( x ^ )  | i s  o( | | x ^ -  x^ | | ) and i f  f ( x )  i s  d i f f e r e n t i a b l e
56
a t  Xq w ith  f (x g )  /  0 and f  (x^) = u ,  th e n  l / f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ 
w ith  d e r iv a t iv e  th e re  = -  f ( x ^ ) /  | f(Xg) | ^ = - u /  | f(Xg) j 
P roo f:  We co n s id e r
1 Xq, -  u /  1 f(Xg) 1 -  l / f ( x ^ )  + l / f (% o )  I =
I 1 /  I f ( % o )  I ^  * 0 '  I I ^  +  f ( % o ) /  I f ( % o )  I ^  +
f (X j j ) /  I fCxg) I ^ -  f(%Q)/ I f(%Q) I ^ -  l / f ( x ^ )  + l / f (X g )  | <
[ 1 /  I f(Xg) I • 1 (x^ -  X q ,  - u )  + f (x ^ )  -  f(Xg) I + [ 1 /  I f(%o) I *
1 - f (X ^ )  + f(Xg) I + I f(X^) -  fCXg) I /  I f(X^)f(XQ) I .
S ince  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ ,  th e  f i r s t  term  d iv ided  by | |  x ^ -  x^ | |
te n d s  to  0  , and th e  second and t h i r d  term s te n d  to  0  because o f  th e  
assumed c o n d i t io n  t h a t  | f ( x ^ )  -  f(Xg) j i s  o( | | x ^ -  x^ | | ) .  This proves 
th e  lemma.
We now apply  th e  lemma to  prove 
THEOREM I I I . 4 .  I f  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ w ith  f(Xg) /  0 and 
fj(% o) = \  and i f  | f^ (x ^ )  -  f^ (x ^ )  | i s  o( 11 x ^ -  x^ | | ) and i f  fg (x )  i s  
d i f f e r e n t i a b l e  a t  x^ and bounded w ith  f^ fx ^ )  = u^ , then
V  (x„) -
I I '
e x i s t s  where Q(x) = fg fx X /f^ fx ) .
P roo f:  Theorem I I I . 5 y ie ld s  d i f f e r e n t i a b i l i t y  o f  th e  p roduc t Q(x) =
f 2 ( x ) / f ^ ( x )  = f g f x j ' t l / f ^ f x ) ] .  I n  p a r t i c u l a r .
Q'(Xq) = 'x = x  *
0
=  I f ^ f x ^ )  I  +  [ l / f ~ ( x ^ ] u .
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_  f l ( * o ) " 2  -  ^
| f l ( X o )
D i f f e r e n t i a b i l i t y  o f  | | x  | |
A very  im p o r ta n t  n o n - l in e a r  fu n c t io n a l  d e f in e d  on H i s  ] | x | | .
We ask i f  i t  i s  d i f f e r e n t i a b l e  a t  x^ /  0 (an obvious r e s t r i c t i o n ) .  An 
exam ination o f  t h i s  f u n c t io n  f o r  E uclidean  spaces su g g e s ts  t h a t  we c o n s i­
de r  th e  fu n c t io n a l
(x ,Xq ) Xq
A ( x ) =   = ( x ,u ) ,  where u =   ,
IIXq II I I %o I I
which i s  ob v io u s ly  l i n e a r  and bounded. According to  Theorem I I I . l ,  i t  i s  
s u f f i c i e n t  to  prove t h a t  x^-» x^ im p lie s
1 (x^, Xq) -  1 1 I  I ' 11Xp I I I ^
I I xq II • -  Xq II
We do t h i s  as  f o l lo w s .  S ince  x^ = j | x^ 11 u ,  i t  fo l lo w s  t h a t
2 I (%n'U) -  l l%n 11 I ^
r  = ------
I I ^ -  2 II X q  11 R(x^,u) + II X g  I I ^
where R(x ,u )  = r e a l  p a r t  o f  (x , u ) . S ince x -* x_, we have | | x | | -» n '  n n 0  ‘ ' n ' '
I I Xq II and (x^>y) -» (%Q,y) f o r  a l l  y .  From th e  f i r s t  c o n d i t io n ,  we may 
w r i te
I I x^ I I = | | %o 11 + /  2 | | XQ II 9
where 0  -» 0 as  n becomes i n f i n i t e .  Thus
2 I (x^ 'U ) -  11 Xq I I -  ✓ 2 II Xq I I 0  I
2 11 Xq I I  [ -R (x ^ ,u )  + I  I Xq 11+ /  2 | | x g  I I 9] + 2 j I Xq I I  0*
$8
Next, u s in g  th e  f a c t  t h a t  (x^^u) -» (Xg,u) = | | x^ | { , we w r i te  (x^^u) 
I  I Xq 11+ P(n) + iy (n )  where p ,y  -* 0 as  n becomes i n f i n i t e .  Then
2 I  p  +  i r  -  /  2 I | x g  l i e  1 ^
r  ss
2 I I %o Il L-P + /  2 I I Xg I I 0J + 2 I I XQ I I @2
I f  we a re  d e a l in g  w ith  a space w ith  a r e a l  in n e r  p ro d u c t ,  we have, on 
p u t t i n g  Y = 0 and ô = ✓ 2 | ] x^ j j 3 -  P, r ^  = | ô | ^ /2  11 x^ | |(ô + 0^) < 
I Ô I ^ /2  I I Xq I 1 ô -> 0 as n becomes i n f i n i t e .  This proves 
THEOREM 1X1 . 5 . I n  a  r e a l  H i lb e r t  space ,  th e  norm | | x  | | i s  a d i f f e r e n ­
t i a b l e  fu n c t io n  o f  x excep t a t  th e  o r i g i n .
P a r t  Two t Func tions  i n  General 
A ppro x im ab il i ty  o f  D i f f e r e n t i a b le  Functions  by L inear  O pera to rs  
The theorem proved above re g a rd in g  th e  d i f f e r e n t i a b i l i t y  o f
f u n c t io n a l s  (Theorem I I I . l )  can be g e n e r a l iz e d .  We have, s in c e  P., +P^,,=1M 0M
and M and 0M a re  o r th o g o n a l ,
11 x . ' T .  > 11 '  + 11 V .  >  11 " -  I I < '  11 '
= I I I I ^ + 1 I Yn I I
So
Z s U l l V n l ü " .  1 .  11 ^es(A )^  '
I I < X^,Y^ > 1 1 ^  I I X^ I I ^ + I I I I 2
2
ss 1  —
* 1 —
I I A I I  ^ . 11 ^0G(A )<^n-V  I I
X „ I I ^ H Y n i i ^  II A 11^
 l iA , 1,1 '  . . .
2  I I „  I I 2 .  ’II x^  11 + 11Y^ I r )
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where we have p u t  X = x -  x_, Y = f ( x  ) -  f ( x ^ ) ,  à  = AX -  Y andn n O n  n'  0 n n
2. .  —
I  I  >  I  I  '
To be p r e c i s e ,  m as d e f in ed  above i s  a  fu n c t io n  o f  b o th  X and Y whereas 
i n  th e  p rece d in g  s ta tem en t  i n  which i t  o ccu rs ,  m i s  used to  denote t h i s
f u n c t io n  e v a lu a te d  a t  X , Y . The f a c t  which concerns us most a t  p r e s e n t ,n n r  »
however, i s  t h a t  l/m i s  bounded. To prove t h i s ,  we f i r s t  observe  t h a t  
s in c e  G(A) i s  a c . l . m . ,  we can decompose < X^,Y^> i n t o  i t s  un ique r e p re ­
s e n t a t i o n  as an element o f  G(A) and 8G(A), and s im i l a r l y  f o r  < 0,AX^-Y^>j 
th e n  by a d d i t io n  and because < X^, AX^> belongs to  G(A), i t  fo l lo w s  t h a t
^08(A)-= -  -^9G(A)-= " ‘n - V  '
Hence we may w r i te
! ! < 0,AX^-Y^> I I
m =
11 V ( A ) - =  ! I
We see  im m ediately  t h a t
; < i l P e o ( A )  I I '  5  1 '
because  1 1  I I  i s ,  by d e f i n i t i o n ,  th e  supremum o f  th e  r a t i o  o f
I I x ,y  >11 to  11 < x ,y  > 1 1 .  This proves t h a t  th e  fu n c t io n  f ( x )
i s  d i f f e r e n t i a b l e  a t  x^ i f  and on ly  i f  th e r e  e x i s t s  an  o p e ra to r  A w ith  
G(A) a c . l . m .  such t h a t  as X^-» 0 ,
l U I I ^  M a x  - y ^ | | 2
 ----------Z - 0 .
11^ * I I ?n I I '  l l ^ l l '  * l l ’ „^
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I f  we d iv id e  num erator and denominator by j | ] | ^ ,  we o b ta in  as numera­
t o r
<“ n -  “ n -  ‘  ‘
l l x j l ^
n n
n
I I “ n-  \
l l x j l
2
l l A X j 1 ' (Y„,AX„) . (AX^.Yn) 11 Y J  1
2
l l x j l
2
I I "  "  i l ^ l l
2 '
, AX ) i s r e a l
l | Y „ l l
2
l l x j l
2
I I "
l l ï j l
2
2 1 1 AX^ 1 1 • I l Y j l
l l x j l
2
l l x j l - l l x j l
" fo l lo w in g  from th e  Schwarz i n e q u a l i t y ) . I f we
l Y j l / 11 , th e n
1 - (2 II 11 ) /» n  1l l x j l
--
1 .  1 / s  J
L e t  us now assume t h a t  A i s  d e f in ed  everywhere} th e n ,  by th e  c lo sed  graph 
theorem , A i s  bounded. T h e re fo re ,  i f  f o r  some sequence X -^» 0 th e  c o r r e s ­
ponding sequence | | | | /  | | x ^  | |w e r e  unbounded, t h e r e  would be a subse­
quence Xjj such t h a t  th e  l a s t  term o f  th e  i n e q u a l i t y  im m ediately above 
would te n d  to  1, which i s  im p o ss ib le .  Thus s^  i s  bounded and
 » 0 .
M x J I
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This com pletes th e  p roo f  o f
THEOREM I I I . 6 .  The fu n c t io n  f ( x )  i s  d i f f e r e n t i a b l e  a t  x = i f  and only
i
i f  t h e r e  e x i s t s  a c lo sed  l i n e a r  o p e ra to r  A such t h a t  |
as 0 .  I f  A i s  de f ined  everywhere, th e n  i n  a d d i t io n
l | A X ^ - Y j l
0 .
n
This theorem i s  th e  analog  o f  a well-known c l a s s i c a l  theorem. I t  s p e c i ­
f i e s  th e  sense  i n  which th e  l i n e a r  o p e ra to r  A approxim ates th e  d i f f e r e n ­
t i a b l e  f u n c t io n  f ( x ) .
As an easy  a p p l i c a t io n  o f  t h i s  r e s u l t ,  we prove th e  d i f f e r e n t i a ­
b i l i t y  o f  f<  a ,x  >  = ax cons idered  as a f u n c t io n  o f  two v a r i a b l e s .  Now 
|f< a ,x  > i s  d e f in e d  on C x X, where C deno tes  th e  system o f  complex num­
b e rs  and X deno tes  a  H i lb e r t  space j i t s  v a lu e s  l i e  i n  X. I t  i s  n o t  a
I
l i n e a r  f u n c t io n  o f  both  v a r i a b l e s  s im u l ta n e o u s ly .  I n  i n v e s t i g a t i n g  th e  
d i f f e r e n t i a b i l i t y  o f  f<  a ,x  >  a t  < a^ .x ^  > , we a re  le d  to  co n s id e r  th e
o p e ra to r
A< a ,x  > = a^x + ax^ ,
which i s  l i n e a r  and continuous i n  bo th  v a r i a b l e s  c o l l e c t i v e l y .  We n ex t
co n s id e r  th e  r a t i o  ( f o r  a a .  , x x_) :n O n O'
V * o
^ n -  *0
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fe t h e r e f o r e  conclude t h a t  ax i s  a d i f f e r e n t i a b l e  fu n c t io n  o f  < a ,x  > 
As an o th e r  a p p l i c a t io n  o f  t h i s  r e s u l t ,  we ask i f  a d i f f e r e n ­
t i a b l e  f u n c t io n  i s  co n t in u o u s .  Now, i f  0 ,  th e n  fo r  n  s u f f i c i e n t l y  
Large, | |X ^  | | < c and
n
I I “ n- \ < c .
Suppose t h a t  does no t  te n d  to  0 .  Then we may assume t h a t  | | | | i s
lounded away from 0 ( f o r  we could f in d  a subsequence w ith t h i s  p ro p e r ty )  
ind
AXn n
t l Yn I l Y j l
< c
I l Y j l
+ 1
from which i t  fo l lo w s  t h a t
(1) <  c.
where 0 as  n becomes i n f i n i t e .  Now e i t h e r  | ] Y^ ] | i s  bounded above
or i t  i s n ' t .  I f  j | Y^ 1 j < B, th e n
but AX -* 0  and so we have a  c o n t r a d ic t io n .  On th e  o th e r  hand, i f  I I  Y | I n ' ' n  ' 'I
i s  unbounded, we m ight as w ell assume t h a t  | I  Y ^  | | >  n ,  f o r  a subsequence I
can be s e le c te d  w ith  t h i s  p ro p e r ty .  From ( l )  above |
2
= 1 >
AXn n
_TL
AXn
1 II.* II 2Y1 ' ' n  '
I I  Y 1 *n '
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but ÀX^ -» 0 and so aga in  we have reached  a c o n t r a d i c t i o n .  Thus 
= f (x ^ )  -  f(%Q) -$ 0 .  We have proved 
THEOREM I I I .7* Every d i f f e r e n t i a b l e  fu n c t io n  i s  con tinuous .
D i f f e r e n t i a b i l i t y  o f  th e  Sum o f  D i f f e r e n t i a b le  Functions 
We now prove an analog  o f  th e  f a c t  t h a t  d i f f e r e n t i a t i o n  i s  a 
Linear o p e ra to r  i n  th e  sim ple case o f  s e v e ra l  r e a l  (o r  complex) v a r i a b l e s .  
Theorem 111.6  w i l l  be used i n  r e a l i z i n g  t h i s  g o a l .
Suppose t h a t  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ and t h a t  A i s  a l i n e a r  
o p e ra to r  d e f in e d  everywhere which s e rv e s  to  e s t a b l i s h  t h i s .  Then 0 
im p lie s  | | AX^- | 1 /  1 | X^ j | -♦ 0 .  S im i la r ly ,  suppose t h a t  g(x) i s  d i f ­
f e r e n t i a b l e  a t  Xq w ith  a s s o c ia te d  l i n e a r  o p e ra to r  B. Thus X^-» 0 im p lie s  
I BX^- I I /  I 1 X^ j I -♦ 0 ,  where = g(x^) -  gCx^) and th e  range R ( g ) ^ .  
Sow con s id e r  th e  l i n e a r  m anifo ld  L = [< x,(A+B)x >] . L e t v^ be a Cauchy
sequence o f  e lem ents  o f  L w ith  l i m i t  v j  pu t v = < x ,(A+B)x >  . Thenn n n
each o f  th e  sequences x and (A+B)x i s  a Cauchy sequence. Let x^= limx I,n n 0 iji
7q= lim(A+B)x^. Then v = < and s in c e  we a re  assuming t h a t  A and B
ir e  d e f in ed  everywhere (and t h e r e f o r e  by th e  c lo sed  graph theorem a re  
co n tin u o u s) ,  we f in d  t h a t  y^= lim(A+B)x^= lim(Ax^+ Bx^) = A(x^) + B(Xg)
and V c L, meaning t h a t  L i s  a c . l . m . .  But
(A.B)X^- (Y ^. V„) I
X J I  l l x j l  l l x j l
and we t h e r e f o r e  have proved 
HEOREM I I I . 8 .  I f  f ( x )  and g(x) a re  d i f f e r e n t i a b l e  a t  x^ w ith  a s s o c ia te d
B_eLr.e_defin.e£L_e.vjeryi
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w here, th en  f ( x )  + g(x) i s  d i f f e r e n t i a b l e  a t  x_ w ith  a s s o c ia t e d  l i n e a r  
o p e ra to r  A+B. I n  s h o r t :  D i f f e r e n t i a b i l i t y  i s  p rese rv ed  under a d d i t io n .
I
The Composite F unc tion  Rule I
L et f ( x )  be d i f f e r e n t i a b l e  a t  x^ w ith  a s s o c ia te d  l i n e a r  o p e ra to r  
A (x ) .  Suppose t h a t  g(y) i s  d i f f e r e n t i a b l e  a t  y^= f fx ^ )  w ith  a s s o c ia t e d   ^
l i n e a r  o p e ra to r  B (y).  I f  th e  o p e r a to r s  A and B a re  def in ed  everywhere,
th e n  i t  i s  easy to  v e r i f y  t h a t  th e  o p e r a to r  BAx i s  a l s o  l i n e a r  and bounded
!
ind i t s  graph i s  a c . l .m » .  By v i r t u e  o f  th e  d i f f e r e n t i a b i l i t y  h y p o th e s i s ,  
X im p lie sn
(1) I IA(x^) -  A(xq) -  f ( x ^ )  + f (x g )  I I
^n  “  *0
ind y^-+ y^ im p l ie s
( 2 )
Suppose t h a t  x^-+ x^
I I B[A(x )-A(x ) - f ( x  )+ f(x  ) j  II II B I H IA (x  )-A(x ) - f ( x  )+ f(x  ) | | |
(5 ) ------------5--------y-------- 5--------y------- < -------------------2-------- u-------- 2-------- y--------, 0 .
I I B(y^) -  B(y^) -  g ( y j  + g(y^) | |
^ n - y o
0 .
Then (1) h o ld s  and s in c e  B i s  bounded.
[Tow p u t  f ( x ^ )  = y ^ .  Then f(Xg) = y^ and from (2) we ge t
(4)
I I B f(x^)-B f(X g)-g f(x^)+ gf(xQ )
0.
[ f  th e  s e c a n t - s lo p e s  a re  bounded ( i . e . ,  i f  f ( x )  s a t i s f i e s  t h e  L ip s c h i tz  
c o n d i t io n :  [ | | f ( x ^ )  -  f(Xg) | | /  | | x ^ -  x^ | | J < K), th e n  from (4)  we may
w r i t e  !
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[ | Bf(x )_Bf(x ) - g f ( x  )+gf(x ) 1 I 
(5)      2 2 ^ 0 .
11 V  *0 11
ft.dd.ing (5) and (5) and th e n  u s in g  th e  t r i a n g l e  in e q u a l i t y  f o r  th e  norm, 
(fe g e t
I  I  B A ( x ^ ) - B A ( X g ) - g f ( x ^ ^ + g f ( x Q )  I  I
0.
*n" *0
This com pletes th e  p ro o f  o f
THEOREM I I I . 9» I f  f ( x )  i s  d i f f e r e n t i a b l e  a t  x^ w ith  a s s o c ia te d  l i n e a r  
o p e ra to r  A(x) d e f in ed  everywhere and i f  f ( x )  s a t i s f i e s  th e  L ip s c h i tz  con-- 
d i t i o n  L 11 f(x ^^ -f (X g )  | | /  | 1 x ^ -  x^ [ | ] < K, and i f  g(y) i s  d i f f e r e n ­
t i a b l e  a t  y^= f(Xg) w ith  a s s o c ia t e d  l i n e a r  o p e ra to r  B(y) d e f in ed  every­
where, th e n  th e  composite f u n c t io n  g f (x )  i s  d i f f e r e n t i a b l e  a t  x^ w ith  
a s s o c ia te d  l i n e a r  o p e ra to r  BA(x).
CHAPTER IV
CONNECTION WITH DIFFERENTIABILITY IN THE SENSE OF FRECHET
The D e f in i t io n  o f  Freehe t  
Perhaps th e  e a r l i e s t  concept o f  d i f f e r e n t i a t i o n  to  be in t ro d u c e ;  
i n  F u n c tio n a l  A na lys is  was th e  Gateaux d i f f e r e n t i a l  D f(x ,h ) :
n f (x .h )  .  l im  -  f ( x )  _
t  -* 0 ^
which i s  th e  same th in g  as th e  " v a r i a t io n "  o f  th e  fu n c t io n  f  employed i n
I
the C alcu lus  o f  V a r ia t io n s  o r  th e  " d i r e c t io n a l  d i f f e r e n t i a l  o f  f  i n  th e  I
d i r e c t i o n  h " .  W ithout concern ing  o u rs e lv e s  w ith  th e  q u e s t io n  as to  th e
I :
most g en e ra l  s e t t i n g  i n  which t h i s  d e f i n i t i o n  o f  th e  Gateaux d i f f e r e n t i a l
j
makes se n se ,  l e t  us  no te  t h a t  i t  i s  m eaningfu l i f  f  i s  a f u n c t io n  whose | 
domain l i e s  i n  a normed l i n e a r  space X and whose range l i e s  i n  an o th e r  [ 
such space Y; n o te  a lso  how th e  t r a n s i t i o n  o f  f  from a v e c to r -v a lu e d  | 
fu n c t io n  o f  a v e c to r  x to  a  v e c to r -v a lu e d  fu n c t io n  o f  a r e a l  number t  i s  ! 
accom plished . The Gateaux d i f f e r e n t i a l  i s  n o t  s a t i s f a c t o r y ,  however. A 
d i n t  a t  i t s  shortcom ings i s  fu rn is h e d  by th e  simple example ( se e [7 j  a lso ]  
o f  th e  su r fa c e
f ( x . y )  ----- , i f  x^+ y^ /  0 ,
/  X + y
_______ f ( x ,y )  = 0 ,  i f  x^+ y^ = 0 ,___________
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which has th e  p ro p e r ty  t h a t  i t  has a d i r e c t i o n a l  d e r iv a t iv e  a t  th e  o r i g i n
Ln every  d i r e c t i o n  y e t  i t  has no ta n g en t p lane  a t  th e  o r ig i n ,  i . e . ,  i t  |
i
:anno t be approxim ated by a l i n e a r  fu n c t io n  i n  th e  s u i t a b l e  way i n  th e  I  
leighborhood o f  th e  o r i g i n .  More g e n e ra l ly ,  i t  i s  easy to  see  t h a t  ever} 
fu n c t io n  f (x )  homogeneous o f  th e  f i r s t  degree and hav ing  f (0 )  = 0 has a 
ja teaux  d i f f e r e n t i a l  a t  th e  o r i g i n .  This le d  m athem atic ians  to  impose 
f u r t h e r  r e s t r i c t i o n s  on a g e n e ra l iz e d  d e r iv a t iv e  i n  an a t tem p t to  secu re  
1 more c la s s ic -a p p ro x im a t in g  th e o ry .  I n  p a r t i c u l a r ,  th e  s ta n d a rd  d e f i n i ­
t i o n  o f  a d i f f e r e n t i a l  i s  due to  F reche t [8j :
DEFINITION IV .1. A fu n c t io n  f ( x )  on E to  E ' , where E and E' a re  normed 
Linear sp aces ,  i s  s a id  to  be F reche t d i f f e r e n t i a b l e  o r  F - d i f f e r e n t i a b l e  
i t  th e  p o in t  x^ w ith  th e  d i f f e r e n t i a l  d f (x Q ,h ) ,  i f  df(xQ ,h) i s  a  l i n e a r  
continuous f u n c t io n  o f  h on E to  E' such t h a t
I  I  f ( % o +  h )  -  f ( X g )  -  d f ( x Q , h )  1 I  ,  0 
I I  h  I  I
is  h 0 .  I f  we s e t  df(X g,h) = f ( x ^ ) h  where f ' (X g )  denotes th e  l i n e a r  
continuous o p e r a to r ,  we c a l l  f  (x^) the  d e r iv a t iv e  o f  f  a±
I t  i s  n o t  d i f f i c u l t  to  see t h a t  every  fu n c t io n  which i s  F reche t
!
d i f f e r e n t i a b l e  a t  a  p o in t  a lso  has a Gateaux d i f f e r e n t i a l  a t  t h a t  p o in t  !
I
Ln every  d i r e c t i o n  (see  [9 ] )*  On th e  o th e r  hand, i t  can be proved [9j 
t h a t  i f  th e  Gateaux d i f f e r e n t i a l  e x i s t s  i n  a sphere  | | x -  x^ | | < r  and i s
u n ifo rm ly  con tinuous i n  x and continuous i n  h ,  th e n  th e  F rech e t  d i f f e r e n t
i
t i a l  d f (x ,h )  e x i s t s  i n  t h i s  sphere  and d f (x ,h )  = D f (x ,h ) .  Furtherm ore , | 
the fo llo w in g  d e s i r a b l e  p r o p e r t i e s  f o r  a d i f f e r e n t i a l  [lO j a re  im p lied  by
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P - d i f f e r ë n t î â b ï lT t^
( i )  c o n t in u i ty  o f  f ,
( i i )  v a l i d i t y  o f  th e  composite fu n c t io n  r u l e :  i f  k(x) = f ( g ( x ) )
md dg and d f  e x i s t ,  then  dk e x i s t s  and dk(x ,h )  = d f (y ,d y )  where y = g(x)|
ind dy = d g (x ,h ) ,
( i i i )  l i n e a r i t y  and c o n t in u i ty  o f  d f (x ,h )  i n  h ( t h i s  i s  assumed 
i n  th e  d e f i n i t i o n  above),
( iv )  d f (x ,h )  i s  a f i r s t  o rd e r  approx im ation  to  th e  d i f f e re n c e
f(x+h) -  f ( x )  when h i s  "c lo se"  to  0 ( th e  sense i n  which t h i s  lo o se ly  fo r
i iu la te d  c o n d i t io n  i s  made p r e c i s e  i n  th e  case o f  th e  F rech e t  d i f f e r e n t i a l
I
:.s e v id e n t ) .  |
Comparison w ith  F - D i f f e r e n t i a b i l i t y  
In  o rd e r  to  i n v e s t i g a t e  th e  connec tion  between F - d i f f e r e n t i a b i l - j  
i t y  and th e  p r e s e n t  concep t,  we must g en e ra te  c o n d i t io n s  under which th e
I
:wo d e f i n i t i o n s  may be a p p l ie d  s im u l ta n e o u s ly .  Now normed l i n e a r  spaces I  
in c lu d e  H i lb e r t  spaces  and so th e  d e f i n i t i o n  o f  F rech e t  a p p l ie s  i n  a morj 
[general sp ace .  Some normed l i n e a r  sp aces ,  however, may be considered  as j 
b e in g  imbedded i n  H i lb e r t  spaces and to  th e se  our d e f i n i t i o n  a p p l ie s  (ac-j 
l u a l ly ,  some o f  our e q u iv a le n t  forms o f  th e  d e f i n i t i o n  f o r  H i lb e r t  space ; 
lire m eaningful i n  more g en era l  s p a c e s ) .  The problem o f  s e l e c t i n g  th e  ! 
i i l b e r t  spaces  from among th e  normed l i n e a r  spaces  was so lved  by J .  von 
Neumann and P. Jo rdan  i n  [ l l ] :
'HEOREM IV .1 . I n  a  normed l i n e a r  space S, a n ece ssa ry  and s u f f i c i e n t  con- 
'i i t i o n  t h a t  an in n e r  p roduct fx .v )  may be d e f in ed  i n _such a way t h a t___
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I I X I 1 = / ( x , x ) , i s  t h a t  th e  p a ra l le lo g ra m  law h o ld :
i | x + y | l ^ + | l x - y | | ^  = 2 | | x | | ^  + 2 | | y | | ^ .  
Furtherm ore , i f  ( x , y )  can be d e f in e d ,  t h i s  can be done i n  only  one way.
Thus, o f  a l l  th e  normed l i n e a r  sp aces ,  th e  v a l i d i t y  o f  th e  p a ra j  
l le lo g ram  law c h a r a c t e r i z e s  th e  H i lb e r t  sp a c e s .  Now suppose t h a t  f ( x )  i s
I
3. f u n c t io n  d e f in ed  on a normed l i n e a r  space X w ith  v a lu es  i n  an o th e r  sucli 
Y and t h a t  f ( x )  i s  P - d i f f e r e n t i a b l e  a t  x^c X; i n  a d d i t io n ,  suppose t h a t  | 
the p a ra l le lo g ra m  law h o ld s  i n  X and Y. V/e r a i s e  th e  q u e s t io n :  I s  f ( x )  
d i f f e r e n t i a b l e  i n  th e  sen se  in t ro d u c e d  i n  t h i s  paper? S ince  f ( x )  i s  F- 
d i f f e r e n t i a b l e ,  t h e r e  e x i s t s  a l i n e a r  continuous f u n c t io n  A(x) on X to  Y 
such t h a t
I 1 f(%o+ h) -  f ( x  ) -  A(h) I I
lim  ----------------------------     = 0 .
h ^ 0  | | h  II
Then, acc o rd in g  to  Theorem I I I . 6 , f ( x )  i s  d i f f e r e n t i a b l e  i n  our s e n s e .  I 
C onversely , i f  f ( x )  i s  d i f f e r e n t i a b l e  i n  th e  sense o f  D e f in i t io n  I I .8 and 
I f  th e  c lo se d  l i n e a r  o p e r a to r  A i s  de f ined  everywhere, th e n  on invok ing  j 
Theorem I I I . 6 a g a in ,  we conclude t h a t  f ( x )  i s  F - d i f f e r e n t i a b l e  p rov ided  j 
f (x )  i s  d e f in e d  everywhere (as  r e q u i re d  by F - d i f f e r e n t i a b i l i t y ) . [A c tu a l ly ,  
t h i s  req u ire m en t t h a t  f ( x )  have a l l  o f  th e  space as i t s  domain could  be | 
re la x ed  somewhat]. Summarizing: j
THEOREM IV .2 .  For H i l b e r t  sp a c e s ,  every  fu n c t io n  which i s  d i f f e r e n t i a b l e
I
accord ing  to  F re c h e t  i s  d i f f e r e n t i a b l e  i n  th e  p r e s e n t  s e n s e .  Conversely;
I f  a f u n c t i o n  i s  d i f f e r e n t i a b l e  i n  th e  p r e s e n t  se n se ,  w ith  an a s s o c ia te d !  
c lo sed  l i n e a r  o p e ra to r  which i s  d e f in ed  everywhere, th e n  t h a t  f u n c t io n  i s
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i l so F -d i f f e r e n t i a b l e .  I n  s h o r t :  I f  we l i m i t  o u rse lv e s  to  fu n c t io n s  and
j
continuous l i n e a r  o p e ra to r s  d e f in e d  everywhere, th e n  F rechet d i f f e r e n t i a ^
c i l i t y  and d i f f e r e n t i a b i l i t y  i n  th e  p r e s e n t  sense a re  e q u iv a le n t  n o t io n sJ
I
Our d e f i n i t i o n  o f  d i f f e r e n t i a b i l i t y  could be b roadly  d esc r ib e d  | 
I S  b e ing  geom etric  i n  n a tu re ,  whereas th e  d e f i n i t i o n  g iven  by F reche t  i s  j 
in a n a l y t i c  one. The a p p ro x im a b i l i ty  o f  a d i f f e r e n t i a b l e  fu n c t io n  by a  j  
Linear o p e ra to r  i s  a  consequence o f  our d e f i n i t i o n ,  whereas i t  i s  th e  e s j  
aence o f  th e  F re c h e t  d e f i n i t i o n .  i
Another p o in t  o f  comparison o f  th e  two d e f in i t i o n s  c e n te r s  around 
th e  problem o f  j u s t i f y i n g  th e  c a s t i n g ,  i n  H i lb e r t  sp aces ,  o f  a th eo ry  o f  
d i f f e r e n t i a b i l i t y .  I n  p a r t i c u l a r ,  i n  view o f  th e  f a c t  t h a t  normed l i n e a r  
spaces a re  more g e n e ra l  th a n  H i lb e r t  sp aces ,  what does one have to  ga in  
jy r e s t r i c t i n g  th e  th e o ry  to  H i l b e r t  spaces? In  p a r t i a l  answer to  t h i s  
q u e s t io n ,  we c i t e  th e  s im ple example o f  th e  d e f i n i t i o n  o f  a norm f o r  vec4 
t o r s  i n  th e  p lane  g iv en  by
(1) ! I < x ,y  > 1 i = I X I + I y I ,• 
according to  th e  r e s u l t  o f  von Neumann and Jordan  g iven  above (Theorem 
V . l ) ,  t h i s  normed l i n e a r  space i s  no t  a H i lb e r t  space s in ce  we know 
t h a t  t h e  d e f i n i t i o n
( 2 )  I I  <  x ,y  >  I  I  ^  =  1 X I ^  +  I y I  ^  
ÿ i e l d s  a  space i n  which th e  p a ra l le lo g ra m  law i s  v a l id  and th e r e f o r e  t h i s
i s  th e  only d e f i n i t i o n  which w i l l  g ive  a H i lb e r t  space .  Now, i t  i s  r e a d i ly
j
v e r i f i e d  t h a t  th e  f u n c t io n  d e f in ed  by (1 ) ,  namely f ( x ,y )  = | x | + | y | has
many p o in t s  o f  n o n - d i f f e r e n t i a b i l i t y  o th e r  than  th e  o r i g i n ,  f o r  example.
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Lt i s  n o t  d i f f e r e n t i a b l e  a t  p o in ts  o f  th e  form < 0 ,y  > . This example, 
to g e th e r  w ith  Theorem I I I .5 , proves
THEOREM IV .5* For normed l i n e a r  spaces ,  i t  i s  no t  t r u e  t h a t  j | x | | i s  a I 
d i f f e r e n t i a b l e  f u n c t io n  o f  x excep t a t  th e  o r ig i n ;  t h i s  s ta tem en t i s  
t ru e ,  however, f o r  r e a l  H i lb e r t  spaces .
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